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Abstract. We introduce two new concepts, local homogeneity and local L'- 
spectrum, both of which are tools that can be used in studying the local structure 
of measures. The main emphasis is given to the study of local dimensions of 
measures in doubling metric spaces. As an application, we reach a new level of 
generality and obtain new estimates for conical densities, in multifractal analysis, 
and on the dimension of porous measures. 
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1. Introduction 

In geometric measure theory, it is common to encounter problems of the following 
type: given a measure fi and a set A of positive/full //-measure, we have some 
local geometric information (on density, porosity, tangent measures, etc.) around 
all points of the set (or in a set of positive/full measure) and we want to gain 
some global information (on dimension, rectifiability, measure, etc.) from this. 
For example, if the set is porous in the sense that it contains large holes of fixed 
relative size around all of its points in all small scales, it is reasonable to estimate 
the dimension of the set from above using this information, see [511 ESI SHI EHl 
[321 [HI [30l [291 US]- Thus, if we knew how the set (or a measure) is distributed in 
small balls, we would be able to bound its dimension. On the other hand, if fi is 
a measure of given dimension on an Euclidean space, it is a classical problem to 
estimate how it is distributed in different directions or cones, see [3 [H [361 EHl [HI 
[I71[38l[39l[3a[52lEni[3ll[l2]. 

In the study of fractals and dynamical systems, it is natural to analyse proper- 
ties of measures using globally observable parameters arising from the asymptotic 
behaviour of the system, such as the Lyapunov exponents. The entropy and L'^- 
dimensions are concepts that measure the average distribution of the measure. In 
many cases, these global characteristics can then be related to the local regularity 
properties of the measure such as exact dimensionahty and also to the values of 
the local dimension maps, see [55 1 [T3 l [iT | [22 | [11 [T9] . 

In this article, the most important objects of interest are the upper and lower 
local dimensions of measures. Large part of the analysis on measures aims at 
estimating these dimensions. The essential suprema and infima of the local di- 
mensions lead to the upper and lower Hausdorff and packing dimensions of the 
measure whereas investigating the level set structure of the local dimension maps 
leads to multifractal analysis. The purpose of this article is to introduce two new 
concepts, local homogeneity and local L'^-spectrum. Both of these concepts are 
tools that can be used in studying the local structure of measures. 

When we want to estimate the dimension of a measure /i defined on an Euclidean 
space, it is very useful to inspect sums of the form J2q f^iQ)"^ o^^r dyadic mesh 
cubes. This idea is visible in the definition of the local L'^-spectrum but we will also 
make extensive use of it in proving the local homogeneity estimate in ^ Althought 
it is possible to define analogues of dyadic cubes in general metric spaces, see e.g. 
[TTl [25] , we will use slightly more flexible notions of 5-partitions and recursively 
defined packings of balls. In 5-partitions, we do not require the partition elements 
to have hierarchical structure. With these notions, we are able to overcome the 
technical problems ordinarily caused by the interplay between cubes and balls, see 
e.g. [51 El [3]. 

The local homogeneity and local L'^-spectrum are, however, of different nature 
since the order of taking limits in their definitions is different. In defining the local 
homogeneity, we first let the scale tend to zero and only after that increase the 
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resolution. This allows us to handle non-uniform properties, like porosity, with 
ease. On the other hand, the local L'^-spectrum sees some slight differences in the 
behaviour of the measure to which the local homogeneity is blind. This difference 
is made manifest in examples in §6.11 

We will next describe our main results. For notation and definitions of the 
basic concepts, we refer to ^ below. In Theorems 13.21 and 13. 7[ we will prove our 
main results concerning the local homogeneity of measures. We show that for 
any locally finite Borel regular measure n, the upper local dimension dimioc(/i,x) 
is bounded from above by the local homogeneity dimension dimhom(/^, a;) at /x- 
almost all points. Here dimhom(/^, a;) is the infimum of exponents s so that "large 
parts" of B{x,r) in terms of fi can be covered by 6~'^ balls of radius 6r for all 
small r,6 > 0, see (13.31) for a detailed definition. Using our results on the local 
homogeneity, we will obtain new estimates on the dimension of porous measures, 
see Theorems 15.21 and 15.61 In particular, these results settle problems left open in 
E]. As another application of the local homogeneity estimates, we obtain in 
Theorem 15.11 a new upper conical density result for measures with large packing 
dimension. This improves a result of [12] where a corresponding statement was 
proved for the Hausdorff dimension. 

In §H we introduce local versions of the classical L^-spectra and dimensions. 
Using these concepts, we obtain a local metric space version of the results of 
[m [221 Il2l HSj on the relations between the Hausdorff, entropy, packing, and L'^- 
dimensions for measures in Euclidean spaces. We use the local L'^-spectrum as a 
tool to formulate a local multifractal formalism for measures defined on limit sets 
of Moran constructions in doubling metric spaces under the assumption that the 
measures satisfy a weak self-similarity condition, see Theorem I5.15[ 

Although the definitions of local homogeneity and local L'^-spectrum make sense 
in any metric space in which balls are totally bounded, we will restrict our analysis 
to the setting of doubling metric spaces since the doubling condition is needed in 
most of our proofs. As a consequence of the doubling property, all metric spaces 
that we consider are finite dimensional for any reasonable concept of dimension. 

2. Notation and preliminaries 

We work on a general metric space {X, d) which is doubling: there is a constant 
> 2 so that any closed ball B{x,r) = {y & X : d{x, y) < r} with centre x G X 
and radius r > can be covered by A^ balls of radius r/2. We refer to the smallest 
A^ for which this holds as the doubling constant of X. Notice that even ii x ^ y 
or r 7^ t, it may happen that B{x,r) = B{y,t). For notational convenience, we 
henceforth assume that the centre and radius have been fixed whenever we talk 
about a ball B G X. This makes it possible to use notation such as 5B = B{x, 5r) 
without referring to the centre or radius of the ball B = B{x,r). 

We call any countable collection B of pairwise disjoint closed balls a packing. 
It is called a packing of A for a subset A <Z X if the centres of the balls of B lie 
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in the set A, and it is a 6-packing for 5 > if all of the balls in B have radius S. 
A 5-packing B oi A is termed maximal if for every x & A there is i? G so that 
B[x, 5) n i? 7^ 0. Note that if i3 is a maximal 5-packing of A, then 2B covers A. 
Here 2B = {2B : B e B]. 

For the following definition, we fix a constant A > 2. A countable partition 
Q of a set A C X to Borel sets is called a 5-partition for 5 > if there exists a 
(5-packing B oi A with the same cardinality as Q so that for each B E B there 
exists exactly one Q E Q so that B (1 A (Z Q G AB. Observe that doubling metric 
spaces are always separable. Hence for each 6 > and A G X there exists a 
maximal (5-packing of A and a 5-partition of A. 

In writing down constants we often use notation such as c = c(- • ■ ) to emphasize 
that the constant depends only on the parameters listed inside the parentheses. 

The following lemma is an easy consequence of the doubling property. 

Lemma 2.1. (1) For every < A < 1 there is a constant M = M{N,X) G N, 
satisfying the following : IfB is a collection of closed balls of radius 6 > so that XB 
is pairwise disjoint, then there are 6-packings {Bi, . . . , Bm} so that B = ljf=i ^i- 

(2) // 1 < 7 < cxD and B is a {r f--^) -packing of a closed ball of radius r, then the 
cardinality of B is at most C{N,'y) = ^'"Sa^. 

Proof. (1) We start by selecting a maximal disjoint subcollection Bi of B. If 
Bi 7^ B, we continue by selecting a maximal disjoint subcollection B2 of B \ Bi. 
We proceed inductively by assuming that after M — 1 steps, M > 2, there is at 
least one ball B E B \ IJi!f7^ Then for each i G {1, . . . , M — 1} there is 

Bi G Bi such that B H Bi 0. Since the balls XBi C 3B are pairwise disjoint, 
at least M balls of radius X6/2 are needed to cover the ball 3B. Letting k to be 
the least integer with 2~*^ < A/6, a repeated application of the doubling property 
implies that M < N^. This shows that the process of selecting the sub collections 
Bi must terminate after at most M{N, X) = N'' < (3/A)'°S2^ steps. 

(2) Choose k to be the least integer with 2^'^ < 1/(27). The doubling property 
implies that any ball of radius r can be covered by N'^ balls of radius r/{2'y) and 
thus no (r/7)-packing of such ball can have more than A^^ < 7^°g2^ elements. □ 

We will exclusively work with nontrivial Borel regular (outer) measures defined 
on all subsets of X so that bounded sets have finite measure. In this article, we call 
such measures Radon measures. In complete doubling metric spaces this definition 
agrees with the one used, for example, in |39] and [20]. The support of a measure /i, 
denoted by spt(/i), is the smallest closed subset of X with full /i-measure. We say 
that a measure on X is s-regular (for s > 0) if there are constants a^, 6^, > 
so that 

af,r' < fi{B{x,r)) < b^r' 

for all X G spt(/i) and < r < r^. A metric space X is s-regular if it carries 
an s-regular measure fj, with spt(/x) = X. A simple volume argument shows that 
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an s-regular metric space is always doubling with a doubling constant at most 

Denote the upper and lower local dimensions of the measure fi at x hy 
dimioc(/i,x) = lim sup log /i(-B(x, r))/logr, 

dim ^p^f/i, x) = liminf log/i(B(x, r))/ logr, 

r4,0 

respectively. If the upper and lower dimensions agree we call their mutual value 
the local dimension of the measure ^ at x and write 

dimioc(/i, a;) = limlog/i(i?(a;, r))/logr. 

r4,0 

The local dimensions can also be defined using (5-partitions. The different defini- 
tions agree //-almost everywhere, see Appendix iBl 

The upper and lower Hausdorff dimensions of the measure fi are then defined as 

dimH(/i) = inf {s > : dim ^p^f/i, x) < s for yU-almost all x G X} 

= inf{dimH(A) : A C X is a Borel set with \A) = 0}, 

dim ^(p) = sup{s > : dim j^^(/i, x) > s for /i-almost all x G X} 
= inf{dimH(A) : A C X is a Borel set with n{A) > 0}, 

respectively, where dimH(A) is the Hausdorff dimension of a set A C X, see e.g. 
[T8| Propositions 10.2 and 10.3] and [131 Theorem 2.3]. Similarly, the upper and 
lower packing dimensions of the measure /i are 

dimp(/i) = inf {s > : dimioc(yU, x) < s for yU-almost all x G X} 

= inf{dimp(y4) : A C X is a Borel set with \A) = 0}, 

(2.2^ 

dim p(^) = sup{s > : dimioc(/i, x) > s for /i-almost all x G X} 

= inf{dimp(y4) : A C X is a Borel set with fi{A) > 0}, 

respectively. Here the packing dimension dimp(y4) of a set A G X is defined to 
be the modified upper Minkowski dimension, see [321 §5.9], or equivalently, the 
critical value of the radius based packing measure, see [IHl Propositions 10.2 and 
10.3] and [14j. The upper Minkowski dimension dimM(^) of a set A G X is defined 
in §5.3]. 

If dimH(/i) = dimjj(/t), then we call their mutual value the Hausdorff dimension 
of the measure fi and denote it by dimH(/i). Similarly, if dimp(/i) = dimp(/i), we 
have the packing dimension of the measure fi, denoted by dimp(/t). 

The following lemma is obtained by an easy calculation, see Lemma 12.1( 2) and 
ED §10.13]. 
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Lemma 2.2. For every Radon measure jj, on a doubling metric space X , it holds 
that dimp(/i) < dimp(X) < dimM(^) < C{N) = logg iV, where N is the dou- 
bling constant of the space. If X is s-regular with an s-regular measure fi, then 
dimii{X) = dimp(X) = dimH(/i) = dimp(/i) = s. 

Finally, we say that a measure /i on X has the density point property if 

a(AnB(x,r)) , , 

lim ^ , , J' = 1 2.3 

for /i- almost all x E A whenever A G X is /i- measurable. Recall that in Euclidean 
spaces, this property is always satisfied whereas in general doubling metric spaces 
this is not necessarily the case. For a detailed discussion on the density point 
property in doubling metric spaces, see Appendix |X1 

3. Local homogeneity 

In this section, we prove our main result concerning the local homogeneity of 
measures with large packing dimension. We start with the definitions. Let /i be a 
measure on X, x E X, and 6,e,r > 0. Define 

hom^^ x) = sup{#jB : i3 is a (5r)-packing of B{x,r) 

so that fi{B) > 6fi[B{x,5r)) for all B e B} 

and from this let the local 6-homogeneity of a measure fi at x he 



(3.1) 



homs{fi,x) = limlimsup hom5£,,(/i, x). (3.2) 

£4-0 ^4,0 

The local homogeneity dimension of a measure fi at x is then defined as 

1. f \ V ■ f log^ homs{fi,x) 

dimhom(/i,a;) = limmf , (3.3) 

' sio -log (5 

where log^(t) = max{0, logt} is used to ensure that dimhom(/^5 a;) > 0. 

Remark 3.1. (1) The limit in (13. 2 p exists as hom^^j ,,(/^5 a;) > hom5£2,r(/^5 a;) for all 
< ei < 62- 

(2) The definition of dimhom is quite technical. It may be helpful to compare 
it to the definition of the Assouad dimension (see [U [35l |2^) and to observe 
that dimhom (/W, x) may be considered as a kind of local Assouad dimension for the 
measure /i around x: Roughly speaking, it is the least possible exponent s so that 
"large parts" of B{x, r) in terms of fi can always be covered by 5"** balls of radius 
Sr for all small r,6 > 0. 

(3) We chose the constant 5 in the above definition for notational convenience 
and also since it is sufficiently large for all our apphcations. See also Proposition 

Em 
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A fundamental property of the homogeneity dimension is stated in the following 
theorem. It is obtained as a corollary to a more quantitative result, Theorem 13 .Tj 
which will be essential in our applications in ^ 

Theorem 3.2. If fi is a Radon measure on a doubling metric space X , then 

dimioc(/i,a;) < dimhom(/i, a;) 

for ^-almost all x & X . 

Remark 3.3. (1) If is an s-regular measure on X, then 

dimhom(Ai,a;) = dimioc(/i, x) = s 

for /i- almost all x G X. Indeed, according to Theorem 13.21 and Lemma \2.2\ it 
suffices to show that dimhom(Ai, x) < s for all x G spt(/i). If < 5 < 1, then a simple 
volume argument gives homs{fi,x) < sup{#i3 : i3 is a ((5r)-packing of B{x,r)} < 
-^5"'* for all X G spt(/i). Thus dimhom(/^, a;) < s for all x G spt(yu) finishing the 
proof. 

(2) Let /i be a measure on X satisfying the density point property. Then, for 
every /i- measurable A G X , we have 

dimhom(/^U,a;) = dimhom(/i, a;) 

for /x-almost all x & A. To see this, take a density point x G A and for each 7 > 
a radius tq > so that /i(y4 fl B(x, 5r)) > (1 — 7)/i(5(x, 5r)) for all < r < tq. 
It follows that for every 6,e > we have homs^e,r{f^j^) — ^oms^e--y,r{fJ'\A, x) and 
homs^e^rifJ', x) > homs^e/{i-'y),r{fJ'\A, x) foT all < r < tq and for /i-almost all x E X. 

Before we turn to Theorem 13.71 we exhibit some technical lemmas. The proof 
of Theorem 13.21 is postponed until the end of this section. Recall that the local 
dimension maps x h- dim ^p^f/i, x) and x i— )■ dimioc(/i, x) are Borel functions, based 
on the fact that the mapping x fi(^B{x,r)^ is upper semicontinuous for each r. 
We provide a detailed proof of the fact that the local homogeneity dimension has 
the same property provided that the space is complete. See also Remark 16. 151 

Lemma 3.4. If fi is a Radon measure on a complete doubling metric space X , 
then X (— 7- dimhom(/^; a;) defined on X is a Borel function. 

Proof. Given < 6,e < 1 and < -R < oo, consider the function f:X — > N, 
f{x) = supo<r<i? hom^e^rl/^, a;). We first show that / is lower semicontinuous. 
This is clearly the case in the set /^^({O}). If x G X is a point at which f{x) = 
N > 0, then we may find < r < i? so that hom^^ x) = N. Hence there 
exists a (5r)-packing {B(xi, 5r), . . . , B{xn, 5r)} of B(x, r) so that ji(^B(xi, Sr)) > 
£:/i(-B(x, 5r)) for i G {1,...,A^}. Because the balls B{xi,5r) are distinct and 
closed, there is 6' > 6 so that also {B{xi,6'r), . . . , B{xN,S'r)} is a packing of 
B{x,r). Recall that a complete doubling metric space is locally compact. Now, as 
/i(i?(x,5r)) = lim^sr /i(-B(x, t)) , we may choose < e < min{i? — r, ^-^r} so that 
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fi{B{xi, Sr)) > efi{B{x, 5r + 6e)) for all i e {1, • • • , A^}. If y G B{x, e), it then 
follows that {B{xi, 6r + 6e), . . . , B{xn, 5r + 5e)} is a (5r + fe)-packing of r + e) 
and that /i(5(xi,(5r + fe)) > ix{B{xi,5r)) > ejj,{B{x,5r + Qe)) > fi{B{y,5r + 5e)). 
Therefore f{y) > N for all y G B{x,e) giving the claim. 

The rest of the proof runs along standard lines. First we choose sequences 
< Rk 10 and < J, and observe that 

homs{^,x) = lim lim sup homs^em,r{fJ',x) 

m— >oo fc— >oo 0<r</?fc ' ' 

for all 5 > 0. Then we choose a sequence < 5„ | and obtain 
dimhom(/^,a;) = hm mf , 

n— >oo 0<i<i5„ — lOE 

which finishes the proof. □ 

Lemma 3.5. Let fi be a Radon measure on a doubling metric space X , < 6 < 1, 
and <t < s. Then 

inf{r > : /x(5(x,5r)) < (5r)*/i(5(x, 5r)) ^"*^'} = 



for ^-almost all x G X that satisfy dimioc(/U,x) > s. 

Proof. Assume to the contrary that there are 0<5<l,0<t<s<g, ro>0, a 
measure fi, and a Borel set A C {y E X : dimioc(/i, y) > q} with fi{A) > so that 

/i(5(x,5r)) > {6rYfi{B{x,6r)Y''^' (3.4) 

for all X G A and < r < Tq. By Lemma [221 we may assume that q < logg N =: C. 
Making tq > smaller, if necessary, we may assume that 

< 5-2C^t+2C < 25-'?5*+<? (3.5) 



for all < r < tq. Since dimioc(/i, x) > q implies liminf^^o l^{B{x, 5r)) /r^ = 0, for 
each X E A there is a radius < ri = ri{x) < Tq so that fj,(^B{x, 5ri)) < rf. 
Given x E A, let us show that 

/i(5(x,5r)) < (3.6) 

for all X G A and < r < ri{x)/5. If this is not the case, then there is x E A 
so that r2 := sup{0 < r < ri/5 : jj[B{x, Sr)) > r'^} > 0, where ri = ri(x). 
Now, if 5r2/S < ri/5, we have /i(i?(x, 5r2)) < (5r2/5)'', and if 5r2/5 > ri/S, 
we have n[B{x,5r2)) < rf < (25r2/(5)^. Since fx[B{x, 5r2)) = r\, it follows that 
fx[B{x,5r2)) < (25/5)''/i(S(x, (5r2)) in any case. Consequently, these estimates 
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and 03.51] imply 

^i{B{x, 5r2)) = fi{B{x, 5r2)y^'fi{B{x, br^))'''^' 

<(5r2)V(5(x,5r2))'^*/^ 

Since this contradicts with fl3.4l) . we have shown (13.61) . 

Next we observe that for yU-almost every x E A there is < r^lx) < ri{x)/5 
with /i(_B(x, Srs)) < (5/5)^'"/i(-B(x, ^rs)). Indeed, a simple iteration implies that 
dimioc(Ai, x) > 2C in points where this fails and by Lemma |22]this is possible only 
in a set of measure zero. 

Now, using also (13.61) and (13. 5p . we get for almost all x G A that 

fi{B{x,5r,)) < (5/5)2^/i(S(x,5r3))%(5(x,5r3))'"*/' 

< i5/6f^rf'fi{B{x,6r,)Y''^' < {5r,Y ^i{B{x,5r, 

Since this contradicts with (13.41) . we have finished the proof. □ 

In order to estimate the dimension of a measure in W^, it is very useful to 
consider sums of the form fJ'iQ)'^ over mesh cubes of R'^, see for instance [6] 
or Lemma 3.2] (and also §1] below). The next lemma generalises this idea for 
collections of packings in metric spaces. 

Lemma 3.6. Suppose ^ is a Radon measure on a doubling metric space X with 
hounded support and A d X is a Borel set with ^{A) > 0. If there are < 5 < 1, 
< t < s, and eN such that for every integer k > ko and for every 6^ -packing 
B of A there is an 5^~^ -packing B' of A so that 

5'Y.l,{Bf-"^ <\Y,m'-"\ (3.7) 
BeB BeB' 



then fi{{x G A : dimioc(/i,x) < s}) > 0. 



Proof. Suppose to the contrary that dimioc(/i, x) > s for /i-almost all x E A. By 
Lemma 13. 5[ for yii-almost all x G A, there are arbitrary small radii r > so that 

/i(5(x,5r)) <{6ryij{B{x,6r)Y''^'. (3.8) 

Observe also that for any ^'^'^-packing of A we have 

B&B ^BeB ^ 

. /diam(spt(/i))\'°^2^ .... 
< ^^T^j max{l,^(X)} 
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using Lemma 12.1( 2). Note that we may assume A C spt(;u). Let us denote the 
upper bound of (13. 9p by M = M{fi,N,6,ko,t). Therefore, fl3.9p and a repeated 
apphcation of (13. 7p imply 

6"" J2 l^i.Bf'''' < M2'=°-'= (3.10) 

B€Bk 

for all (5^-packings Bk of A and integers k > ko- 
Let ki > ko and 

B = {B{x, 5r) : x G A and < r < 6''^ so that ([33D holds}. 

Using the 5r-covering theorem we find a sub-collection B' G B so that B' covers fi- 
almost all of A and ^B' is a packing of A. For each k > ki we set Bk = {B{x, 6' 
B{x,r) G B' for some S'^ < r < 5^^^}. Since (I3.10p holds for Bk we get 



k\ 



BeB' B{x,5r)&B' 



l-t/s 



k=ki BeBk k=ki 

by using the definition of (13. 8p . the definition of Bk, and (I3.10p . Letting /ci — )■ oo 
implies /^(A) = 0, which is a contradiction. □ 

The following theorem is our main quantitative result concerning local homo- 
geneity of measures. 

Theorem 3.7. Suppose X is a doubling metric space with a doubling constant N. 
IfO<m<s, then there exists a constant 6o = So{m, s,N) > such that for every 
< 6 < 6q there is Eq = eo{m, s, N,6) > so that for every Radon measure fi on 
X we have 

lim sup horns ^e,r{fJ',x) > 6^^ (3-11) 



for all < e < Eq and for fi-almost all x G X that satisfy dimioc(/i, x) > s. 

Proof. To be able to use Lemma 13.41 we assume that X is complete. The non- 
complete case is discussed at the end of the proof. Set t = {m + s)/2 and define 

5o = 6o{m,s,N) = {5' /AMf^'-'"^^'^ , (3.12) 

where M = M{N, 1/10) is the constant of Lemma I^TT l). Let < 6 < Sq, define 
Eq = (5~*™/('^~*)A^^'/(i^*/*), where / is the least integer for which 2/S < 2\ and 
choose < £ < ^o- 

Assume on the contrary that there is a set A C G X : dimioc(/U, y) > s} with 
fi{A) > and Tq > such that hom^^ ^.(/i, x) < for all x G A and < r < Tq. 
Recalling Lemma 13. 4[ we may assume that A is a Borel set. Choose k^ & N so 
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large that S'o~^ j'^^o < tq and fix A; > k^. Our aim is to obtain a contradiction by 
verifying tfie condition (13. 7p of Lemma 13.61 

Let ;B be a (5/5) '^-packing of A and write for the centres of the balls in 
B. Choose a maximal ((5/5)'^~^/10)-packing Bq of the set whence we clearly 
have Ab C IJ_Be2Bo ^' Qs^ch. ball B G 2Bq we define Ib = B H A^ and = 
{x E Ib : fj.[B{x, (5/5)'^)) > efj.{5B)}. Now the homogeneity assumption implies 
T^-^s < since the centre of B is contained in A. Using Holder's inequality, we 
thus obtain 

J2 KBi^, {5/5)'))'-'/' < r*-/^f J] /i(S(x, {6/5)'))^ 

< 5-*'"/X55)^-*/^ 



for all B G IBq. The doubling condition combined with the choice of / implies that 
Wb \ I'b) < NK Hence 

K^ix, {6/5)'))^''/" < N'e^-'''fi{5B)^-''' < 6^'"^'' fi{5Bf-'/' (3.14) 

x&Ib\I'b 

for all B G 2Bq due to the definition of the constant e^. 

Using Lemma I^TTT l). we find packings B^, . . . , B^^ C IOBq such that ljf=i — 
IOBq. Now there must be at least one z G {1, . . . M} such that for B' = B^ we have 

BeB' BGlOBo 

Combining this with f l3.13p and f l3.14p . we have 

5^^(5)^-/^< Yl Y.^'iB{x,{5/5)')y~''' <25~'-/^ Y 

BeB Be2Bo xeiB BeiOBo 

BeB' BeB' 



by recalling the choice of 5q. Thus we have verified the assumptions of Lemma 13^ 
and so li{{x G X : dimioc(/i, x) < s} fl {x G X : dimioc(/i,x) > s}) > giving a 
contradiction. This finishes the proof provided that X is complete. 

Let us now consider the non-complete case. Denote by X the standard metric 
completion of X and let z/ be a measure on X defined by i'{A) = fi{A n X) for 
A G X. We consider X as a subset of X in the natural way. Observe that X is 
doubling with doubling constant X^. Let M' = M(X^,l/2) be the constant of 
Lemma [2.1( 1). The above proof now implies that for each < 6 < 6q and each 
< e < Eq we have 

lim sup homs^sA^, x) > A/I'd'"" (3. 15) 



12 



ANTTI KAENMAKI, TAPIO RAJALA, AND VILLE SUOMALA 



for i^-almost all x & X. Compared to (13. lip , there is an extra factor M' in 
fl3.15p . but this is easily handled by changing the constants 6^ = 6o{s,m,N) and 
^0 = £o{^, s, N, 6). We show that fl3.15p implies 

limsup hom^g ,r(/^5 2:) > 6~"^ (3.16) 

for /i-almost all x G X. To see this, fixx E X and 6,e,r > so that hom^^ ^.(i^, x) > 
M'S-"". Let be a (5r)-packing of B{x,r) in X so that #i3 > M'^"*^ and 
z/(i?) > £:z/(-B(x, 5r)) for all B E B. Since limji^r fJ'{B{x,5R)) = /i(-B(x, 5r)) , we 
may choose r < R < 3r/2 so that also ui^B) > eh'(^B{x,5R)) for all B E B. 
Using Lemma [2. in ), we find a subcollection Bi of B with ij^Bi > so that the 
collection 2Bi is still a packing. Next we pick yi G {^^)Bi fl X for each Bi G Bi 
and denote B2 = {B{yi,6R)}i. It follows that B2 is a (5-R)-packing of B{x,R) in 
X with #i32 > r*" and fi{B{yi,6R)) = u{B{yi,6R)) > v{Bi) > eu{B{x,5R)) = 
efj,(^B{x,5R)) for all i. Thus hom^ ^ /{(/i, x) > 5"™" and (I3.16P follows. □ 

Proof of Theorem \3.2[ Assume to the contrary that there is a Borel set A C X 
with fi{A) > and < m < s such that dimhom(yU5 a;) < m < s < dimioc(/i,x) 
for all X E A. It follows from Theorem 13.71 that there is 6q = 6o{m, s, N) > 
so that homs{fi,x) > 6~"^ for every < 6 < 6q and for yU-almost all x E A. So 
dimhom(/^5 x) >m for /^-almost all x G A giving a contradiction. □ 



4. Local L^-spectrum 

The L'^-spectrum of a measure is an essential tool in multifractal analysis and 
it has been investigated in many works, see e.g. [HI E31 1321 El [13 ED] and 
[TB| [TSt 133] and references therein. We define a local version of the L'^-spectrum 
in a similar fashion as with the homogeneity. It turns out that the well known 
Hausdorff and packing dimension estimates for the measure arising from its L'^- 
spectrum generalise to this local setting. We relate the local L^-dimensions to 
the upper and lower local dimensions as well to the upper and lower entropy 
dimensions. 

Let /i be a measure on X, x G spt(/i), and g G M. The local L'^ -spectrum of a 
measure n at x is defined by 

log S*g^.{fi, x) 

Ta(u,x) = limliminf , (4.1) 

^ riO Sio log 5 

where 

^q,5,rif^y x) = sup< f^{By : i3 is a (5-packing of B{x, r) fl spt(/x) 



for all 5, r > 0. 
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Remark 4.1. (1) The limit in f l4.ip exists as S*^g,^_^{fi,x) < S*^^.^^{ij,,x) for all 5 > 
and < ri < r2. 

(2) To show that the L^-spectrum is concave, it is crucial to have liminf^io in 
flrij) . See the proof of Theorem OMD . 

(3) If g > 0, the definition of rg(/i, x) does not change if we replace 5** ^ by Sq^s^r 
defined as 

Sg,s,r{fJ', x) = sup< ^-iBy : i3 is a 5-packing of B[x, r) 

(if g = 0, we interpret 0' = 0). This simple fact will be used frequently in the 
proofs below. 

We define the local L'^- dimension of the measure ^ at x to be 

dim5(/i, x) = Tq{fi, x)/ {q - 1) 
for all g 6 M, g 7^ 1. To complete the definition, we set 



dimi (/i, x) = lim sup lim sup 

riO 510 log 

dim^(/i, X) = limmf lim ml 



(4.2) 



rlO SIO log 6 

and call them the upper and lower entropy dimensions of fi at x, respectively. If 
these two notions coincide, we denote their common value by dimi(/i, x). Here 
and hereafter, for A G X and a /i-measurable /: X — )■ M, we use notation 

f(y)^^^(y) ~ A*(^)~^ ^A^^y^^^^^y) whenever the integral is well defined. 

Our main results concerning the local L'^-dimensions are stated in the following 
theorem. 

Theorem 4.2. If ^ is a Radon measure on a doubling metric space X, then 



limdimg(/i, x) < dim ^^^f^u, x) < dimioc(/i, x) < limdimg(/i, x) (4.3) 
for ^-almost all x & X . In addition, if fi has the density point property, then 



dim ^Q^f/x, x) < dim^(/i,x) < dimi(/i, x) < dimioc(/U,x) (4.4) 
for fi-almost all x & X . 

Remark 4.3. (1) If fi is an s-regular measure on X, then 

dimq(/i,x) = dimioc(/i, x) = s 

for /i- almost all x G X. Indeed, given g G R, we find constants < Ci < C2 < oo so 
that cir''(5''(^"^) < Sq^s,rilJ', x) < C2r^5^^'^^^^ for all x G spt(/x) and < 5, r < r^/2. 
This shows that we have dimq(/i, x) = s for all g G M and all x G spt(/i). 

(2) For any Borel set A the restriction measure ^\a has the same upper and 
lower local dimension and local homogeneity dimension (see Remark 13.3( 2)) as 
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the original measure /x for /i-almost all points in A - at least when we assume the 
density point property. This is not true for the L*^- dimension due to its different 
nature. As an example in the case g < 1, take /i = £^ + 7{^|l on M^, where C? is 
the Lebesgue measure and is the length measure on a line L C M^. Then for 
any a; G L we have dimq(yU, x) = 2 and dimq(/i|2,, x) = 1. For g > 1 we can define 
a measure on the real line by letting i/ = £^ + XlneN ^"'^^ijn' where {gi, q2, . . .} is 
an enumeration of the rationals. Then dimg(z/, x) = while dimg(z/|]g\(Q, x) = 1 for 
all X e M. 

(3) Theorem 14.21 generalises the results [221 Theorems 1.3 and 4.1], ^T] Theorem 
1.1], and [ini Theorem 1.4]. See also [121 Corollary 1.3]. Examples showing that 
the inequalities in (14. 3 p can be strict are given in §6.11 Connections between that 
local and global spectra and dimensions are discussed later in Proposition 14.61 

Before we prove Theorem 14. 2^ we discuss the basic properties of the local L'^- 
spectrum and L'^-dimensions. We first set up some notation. For all G N 
we fix a (2~")-partition Q„ of X. If x E X and r > 0, then we set Q„(x, r) = 
{Qr\B{x, r) : Q E Qn}- We remark that in the following theorem, instead of using 
(2^")-partitions, we could use (5n-partitions for any decreasing sequence Sn 10 for 
which there exists constants < ci, C2 < 1 so that ci < Sn+i/Sn < C2 for all n G N. 

Theorem 4.4. Let fi be a Radon measure on a doubling metric space X, x G 
spt(/i), r > and q>0. If the doubling constant of X is N, then 

(1) it holds that 



Tg{fi,x) = limliminf ^^SnS! ' (^•^) 



rib n-5>oo log 2" 

dimi(/i,x) = lim sup lim sup ^^^^ ^ ^^^^ ^ (4.5) 

r^O n^oo /i(i?(X,r)j log2-" 

diniifu, x) = liminfliminf ^^^-^ — sMQ) (4.7) 

' riO n^oo /i(5(x,r)) log2-" ^ ' 



(2) ri(/x,x) = 0, 

(3) min{0, {q - 1) logs N} < T,{fi, x) < max{0, (g - 1) logs N}, 

(4) g I— !■ rg(/i, x) is concave on [0,oo), 

(5) g I— )■ dimg(/i,x) is continuous and decreasing on (0, 1) U (1, 00), 

(6) lim^j^i dimg(/i, x) < dim ^(/i, x) < dimi(/i, x) < limgi-i dimg(/i, x), 

(7) X h-^ liminf^^oo i^^|^logX]Qes„(a;,r) /"(Q)"^ ^■s « B Orel function, 

(8) dimo(/i, x) = lim^^o dimM (-B(x, r) n spt(/i)) . 

Proof. Let us start proving the claim ([T]) by first validating the equality in (14. 5p . 
Let r > 0, < (5 < r/(4A), and n G N so that 2""-^ < 5 < 2~". Our first goal is 
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to show that for a constant Ci = Ci{N, A, q) < oo, we have 

<Ci J2 '"(^)' (4.8) 

Q&Qn{x,2r) 

Recall that is the doubling constant of X and A is a fixed constant used in 
defining the partitions Qn- To show (14. 8p . we fix a 5-packing B of B[x,r) and let 

CB = {Qe Q„(x,2r) :gnfi^0} 

for all B E B. Since Cb is a cover for 5, we have 

where is the cardinality of Cb- Notice that all the sets of Cb are contained 
in a ball of radius (1 + 2A)2~^ and contain a ball of radius 2~". Hence, Lemma 
imphes that (#Cb)« < Ca = C{N, 1 + 2A)9 for all 5 e and whence 

See BeBQeCs 

On the other hand, the cardinality of the set {B G i3 : Q H 5 7^ 0} is at most 
C3 = C(A^,2A + 4) for all Q G Qn{x,2r) (again by Lemma 0(2)). Thus, fOj) 
follows with ci = C2C3. 

To find an estimate in the other direction, we choose m G N so that 2^™ < 
r/(2A). Then we use the definition of Qm to find distinct balls Bq of radius 2"'" 
for each Q G Qm{x,r/2) so that Bq fl -B(a;, r/2) C Q C ABq. Now we use Lemma 
12.1( 1) to find a disjoint subcoUection B of the family {ABq : Q G Qml^^, ''^/2)} so 
that C4EiJee/^(^)' > EQes™(x,./2)/^(Ai?Q)^ where c, = M{N,1/A). Then 

QeSm(x,r/2) Q&Qm{x,r/2) , - 

(4.9) 

< C4 li{By < C4S'g,A2-™,r(/i, a;) 

as the balls Bq have centres in B{x, r). The equality in (14. 5 p now follows by taking 
logarithms and limits and combining (14. 8 p and (14. 9p . 

To prove the equahties in (14.61) and (14. 7p . let r > and n G N so that 2^" < 
r/(3A + 1). For each Q G Qn(yX,r), we let Bq to be a ball with radius 2~" such 
that Bq n B{x, r) G Q G ABq. Then for all y G Q, we have 

gci?(2/,2-"+iA)c3Ai?QC U g', 

Q'6Cq 
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where Cq = {Q' G Q„(x, 2r) : Q' n 3ABq ^ 0}. Thus 

MQ) log 5^ MQO > E /log/i(i?(l/,2-"+iA))rf/i(y) 

QeQ„(x,r) Q'&Cq QeQ„{x,r) ''Q 

\ogfi{Biy,2-'^+'A))dfiiy) 



' B{x,r) 



Q&Qn(x,r) 

Moreover, 



J2 MQ) log 5^ MQO - E MQ)iogMQ) 

QeQ„(x,r) Q'sCq QeS„(x,r) 



= E MQ)iog(i + 

QeQ„(a;,r) Q'eCQ\{Q} 



where C5 = (5A)'°S2 2r)) . The last estimate holds since each Q' G Q„(x,2r) 

is contained in at most (5A)'°^2^ collections Cq by Lemma [2.11^ 2). Putting these 
estimates together, we have 

E /i(Q)logMQ)< / \ogix{B{y,5))dixiy) 

_N J B(x,r) 



Q&Qn+i{x,r) 



' B{x,r) 

< E Ai(Q)log/i(Q) + C5 

QeS„(x,r) 

for all 2""A <6< 2""+^A. From this the equalities in flQ]) and ( 147|) follow easily. 

We will next verify the claims ([2]) and ([3]). Let Mn be the cardinality of Qn{x, r). 
By Lemma I2TTT 2). we have M„ < (r2"+^)'°S2^ for all n G N large enough. Using 
Holder's inequality, we get 

fi{B{x,r)y< E KQy<KBi^,r)yM'^-^ 

QeQn{x,r) 

for all < g < 1 and 

/.(5(x,r))X-''< E f^iQY < f^{B{x,r)y 

Q&Qn{x,r) 

for all g > 1. The estimates above together with f l4.5p give (E]), and consequently, 
also (ED. 
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For all q,p > 0, A G (0, 1), and n G N, we get, using Holder's inequality, that 

< ( E MQr)Y E MQr)' (4.10) 

Taking logarithms and combining this with f l4.5p yields T\q^(\-\yp{li-, x) > Txq{fi, x) + 
r(i_A)p(/i,x) giving (g]). 

Let us next show the claims ([5]) and ([6]). It follows easily from the claims (j2]) 
and (jlj) that q i— )■ dimq(/i,x) is continuous and decreasing on both intervals (0, 1) 
and (1, oo). In particular, the limits lim^j^i dimg(/i, x) and limgi-i dimg(/i, x) are well 
defined. The claims ([5j) and ([6]) now follow if we can show that given < q < 1 < p, 
we have 



Tg{fi,x)/{q- 1) > dimi(/i, x) > dimi(/i,a;) > Tp{iJ,, x) / {p - 1). (4.11) 

Let r > 0, G N, and define hn{q) = log XlgeSnCi: r) /^(*5)^ for Q' > 0. From 
f l4.10p . we see that hn is convex. As Qn{x, r) has only a finite number of elements, 
it is also differentiable with /i^(l) = fi[B{x,r)) ^ X]QeQ„(x r) A*(Q) ^o§/^(Q)- Thus 



q-\ - «^ / - 

Using these estimates and the fact that /i„(l) = log/i(-B(x, r)) is independent of 
n, we may calculate 

lim mt ^ ^ = lim sup 



q-\ n^oc log 2-" n^oo (g-l)log2-" 

> lim sup 7 — :t > lim mf — 

n^oo /i(S(x,r)) log2-" n^oo /i (5 (x, r ) ) log 2"" 



n— >oo 



(p— l)log2~" p — 1 n^oo log2~" 

The desired estimate (14. lip now follows when we let r J, and combine the above 
estimates with (gS]), (gl]), and (147]) . 

The claim ([7]) follows easily from the fact that given Q G Q„, g > 0, and r > 0, 
the function x h- >■ fl B{x,r)Y is upper semicontinuous. Finally, the claim (|H]) 
is a direct consequence of the definitions. □ 

Remark 4.5. If g < 0, it may well happen that Tq{fi,x) = —oo for x G spt(/i). 
However, letting ^0(2;) = inf{g G M : Tq{^,x) > —00}, the statements (g]) and (E]) 
of Theorem 14.41 remain true for all q > qo{x) (g 7^ 1 in (jS])). 

We are now ready to prove Theorem 14. 2[ In the proof, we use the formulas 
(14. 5p - (14. 71) in defining Tg{fi,x) and dimg{fj,,x) since they are much easier to work 
with than the original definitions using packings. Recall from Theorem 14.41 that 
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changing the partitions does not change the values of rg(/i, x) or dimg(/i, x). In the 
proof, we have adapted some ideas from [22] and [19] to our setting. 



Proof of Theorem 4-3 We start by verifying that 



hmdimg(/i, x) < dimiQ^(yU, x) (4-12) 

for yU-almost all x G X. If this is not the case, then we find g > 1, r > 0, 
0<q;</3<oo, /cGN, and A C spt(yu) with fi{A) > so that dhn^^^^fi, x) < a 
and 'EQeQ„{x,r) l^iQY < 2(1"")"^ for all n > A; and x E A. By Theorem HJ© , we 
may assume that A is a Borel set. 

Let us fix X G A for which fi(^AnB{x,r /2)^ > and define An = {Q E Qn{x, r) : 
> 2""'"} and An = UgeA. Q ^^^^ n > k. Then 

QeAn QeQn(x,r) 

foTn>k and whence J2n>kf^i^n) < oo yielding /i(ni^fc Un>z "^n) = 0. Thus, 
if Qn{y) is the unique element of Qn that contains y, then for /^-almost all y G 
B{x,r/2), we have Qniy) € Qn{x,r) \ An for sufficiently large n, and thus 

. iog^((5„(z/)) ^ 

limmt — ^ > a. 

71— ^OO log 2^" 

By Theorem IB. H this implies dim ^^^f^u, y) > a for /i-almost all y G B{x,r/2). This 
contradiction completes the proof of fl4.12p . 
The proof of 



limdim„(/i, x) > dimioc(/x, (4-13) 

follows by using a similar argument. If fl4. 13p fails in a set of positive measure, we 
find r>0, 0<g<l, 0<a</3<oo, /cgN, and a Borel set A C spt(/i) so 
that dimioc(/i,a;) > (3 while Y.QeQ^(x,r) f^iQ)'^ < 2""(i-«) for all n > A; and x e A. 
Choosing x e A with fi[A fl B{x,r/2)) > and letting An = {Q e Q„(x,r) : 
/i(Q) < 2-"/^} and A„ = Uq^a. Set E.>, M^n) < E„>fc 2-('5-")(i-^) < oo. 

Combined with Theorem IB. 11 this implies that dimioc(/i,y) < /3 for /i-almost all 
y G B{x,r/2) giving a contradiction. 

It remains to show (14. 4p assuming that fi has the density point property. For 
X G spt(/i), we choose a sequence < | so that 

^QeQnfe rfc) log KQ) 
dim]^(/i,x) = liminf liminf r^^—^ -v . 

fc^.oo n-5-oo /x(^i?(x, rfcjj log2~'^ 
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Observe that if Qn^y) is the unique element of Q„(x, r^) that contains y, then we 
have the identity 

/i(Q)logMQ)= / \og{^i{Qn,k{y)))d^i.y)- (4.14) 
By Fatou's lemma and Theorem IB.H we can now estimate 

!B{x,r^)^^^^^{Qr^Ay))d^^{y) 



dim ^ (/i, x) = lim inf lim inf 



fc— ^-oo 


n— >oo 


> lim inf 


/ 




lB(x,rk) 


> lim inf 


j 


fc— >oo 


lB(x,rk) 



/i(S(x,rfc))log2-" 

. log/i(g„,fc(y)) 

hmmt diiiy) 

log 2-'^ '^^^^ 



dimioc(/^.Z/)c^/^(2/)- 

Since the mapping y i— )■ dimjQj,(/i, is in /i) by Lemma [521 the density 

point property implies lim^io /^(x r) ^^ioc(/^' ~ dim ^^^f^, x) for almost all 
X G X and thus we get dim ^^f/i, x) > dim |^,^(/i, x) for /i-almost every x G X. 

Finally, let us show that dimi(/i, x) < dimioc(/i,x) for /z-almost all x G X. For 
the rest of the proof we assume that for a given Q G Qn{x,r) we always have 
< 1/e, where e is the base of the logarithm that we use. This does not 
affect the generality as if /x({x}) = 0, this is always the case for small r > and 
if /i({x}) > the claim is obviously true. 

For a point x G spt(;u), we first choose < 4 so that 

dimi(/i, x) = hmsuphmsup j — -r . 

k^oo n^oo /i(i?(x,rfc)) log2-" 

By changing the radii slightly, we can also assume that 

/i(5(x,r,)) =0 (4.15) 

for all A; G N. Here S{x, r) = {y G X : d{x, y) = r} for all x G X and r > 0. Indeed, 
there are clearly at most countably many values r > so that fi(^S{x,r)) > and 
if 

w X EQgs„(x,o/^(Q)iog/^(Q) 

n[r) = hmsup — ; -r , 

n^oo /i(i?(x, r)j log 2"'' 

then 

\imh{t) = h{r). (4.16) 

The proof of fl4.16p is a bit technical and we postpone it to the end of this proof. 

For y G B{x,rk) and n G N we define fn,k{y) = logAi(Qn,fc(2/))/ log2-", where 
Qn,k{y) is as above. Moreover, we let gn,k{y) = s^Pm>nfmAy)- Using Theorem 
IB.H (I4.15p . and Lemma fI72[ it now follows that lim^^oo 5'n,fc(2/) = dimioc(/x,y) < 
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log2 for almost all y G B{x, r^). Thus, defining A„^k = {y ^ B{x, r^) : fmAv) < 
2 log2 for all m > n}, we have 

lim fi{B{x,rk)\An.k) =0 (4.17) 

n— >c« 

for all k gN. Recalling f l4.14p . we write 



/ fn,k 

+ limsup / "Ylimsup / fn,k{y) dfi{y). 



dimi(/i, x) < hmsup — r— -r- limsup / fn,k{y) dii{y) 

k^^ fi[B{x,rk)) n^^ Ja„,, 



Here 



limsup/ fn,kiy)dfi{y) < Mm snp gn,k{y)dfi{y) 

n^oo J A^^k n^co J A„^k 

< / dimioc(/i,?/)ci/i(?/) < / dimiocifJ', y)dfi{y) 

JA„_k J B(x,ri.) 



(4.19) 



since Qn^k is bounded on An^k- To estimate the second term in the right-hand side 
of (I4.18p . we make the following observations: If > c on Q E Qn{x,rk), then 
n{Q) < 2~'^"'. Also, if k is large, then the collection Q„(x, r^) has at most 2"^°§2^ 
elements by Lemma [2.1^ 2). Hence, for an integer M > \0g2N, we get 



« 00 « 

/ U,k{y) dKy) < Mfi{B{x, rk) \ An,k) + 

J B{x,rk)\An^k j=j\/ {i</n,fc<«+l} 

00 

< Mfi{B{x,rk) \ + 2"'°S2^ ^(^ + 1)2 

i=M 

and, consequently. 



lim [ UAy)dl^{y) = (4.20) 



by recalling fl4.17p . Combining this with fl4.18p and fl4.19p yields 



dimi(/i,x) < limsup -f dimioc(/i, y) c?/i(?/) 

fe-5>oo J B{x,rh) 



whence dimi(/i,x) < dimioc(yU, a;) for /x-almost every x by using the density point 
property and the fact that y h-> dimioc(/i, y) is in L°°(X, /x). 

It remains to prove (I4.16p . Since /i(i?(x,t)) | fi(^B{x,r)) when t J, r, it suffices 
to show that 



lim sup 



J2 /i(Q)iog/i(Q)- E /^(Q)iog/i(Q))/iog2'" 



QeQ„(x,t) QeQ„(a;,r) 
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as 1 1 r. Take t>r and let An = {Q E Qn{x, t) : Q\ B{x, r) 7^ = Q D B{x, r)}, 
and Cn = {Q e Qn{x, t) : Q n S{x, r) 0} for all neN. Now 

J2 MQ)iogMQ)- E MQ)iog/i(Q)= 5^ /i(Q)iog/i(Q) 

Q&Qn{x,t) Q&Qn{x,r) Q&An 

+ {^(Q) log/i(Q) - n r)) log /i(Q n r))) . (4.21) 

Following the proof of fl4.20p . we get limsup„_^oo Z]qg^„ f^iQ) log/^(Q)/ log2^" < 
2(log2iV)/i(5(x,t) \ B{x,r)) ^ as t i r. To handle flOTj) . we take 
and define = {Q G C„ : /i(Q) > (1 + 2-"^)/i(Q n B{x, r)) } and E„ = Ugg^^ 
For Q G we have /i(Q) < (2™ + l)/i(Q \ B{x,r)). As in the proof of f lfioj) . 
we get 

°- 5Z (/^(Q)logMQ)-/^(Qni?(a;,r))log/i(gn5(x,r)) 

1 

< 



1 


loj 


y2-n 




1 


loj 






1 


lof 





< 2(2"^ + l)(log2 N)ii{Em \ Bix, r)) + e{n) 

< 2(2"^ + l)(log2 N)fi{B{x, t) \ B{x, r)) + e{n), 

where e{n) J, as n — )• 0. Again, as in the proof of fl4.20l) . we get 

5Z (/^(Q)log/i(Q)-/^(Qni?(x,r))log/i(Qni?(a:,r))) 

m 

<— Yl (/i(Q)-/^(Qni?(x,r)))log/i(gni?(a;,r)) 

m 



m 

< 2-"'+\log2 N)fi{B{x,r)) +e{n) 

using the definition of Sm- The desired estimate follows now by letting first n 00, 
then t J, r, and finally m — t- 00. □ 

To finish this section, we define the global L'^-spectrum and discuss the relation 
between the local and global concepts. Let /x be a measure on X with a bounded 



log 


■ 2-n 




1 


log 




2 


—m 


log 


■ 2-n 
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support and g G M. The (global) L'^-spectrum of ^ is defined by 
where 

^g,sil^) ~ sup< fJ'{By : S is a 5-packing of spt(/i) n X 

for all 6 > 0. The (global) L'^- dimension is defined analogously to the local one as 

dimg(/i) = Tg{fi)/{q -1) 

for all g G M, g 7^ 1. Moreover, the (global) upper and lower entropy dimensions 
are defined as 

dimi(/i) = hmsup , 

,540 log d 

dim,(/.) = liminfi^i^^^^i^%M^, 

5^0 log 5 

respectively. If they agree, then their common value is denoted by dimi(/i). These 
definitions agree with the common definitions of the L'-spectrum and dimensions 
for probability measures on Euclidean spaces. See e.g. [ISl [T21 123] . 

We also note that the global spectrum and the global dimensions enjoy the same 
basic properties as the local ones. In particular, all the statements of Theorems 
14.41 and 14.21 have their global counterparts with trivial modifications in the proofs. 
(In the statements of the results, remove all limits with respect to r and replace 
the balls B{x,r) by the whole space X.) 

Proposition 4.6. Let fi be a Radon measure on a doubling metric space X with 
a compact support. Then 

Tg{fi) = min Tg{fi,x) 

x'Sspt(/i) 

for every g G M. In particular, 

max^espt(M) dimg(/i, x), if q < I, 



dimg(/i) 



min^espt(/,) dimg(/i, x), if q > I. 



Proof. We first notice that S'*,5,.(/i, x) decreases as r J, 0. Therefore Tg(/i) < Tg{fi, x) 
for every x G spt(/i). 

Let us now show that there exists a point x G spt(/i) in which rg(/i) > rg(/i, x). 
First we cover spt(yu) with finitely many balls {B{yi, yi G spt(/i). Then, for 

every j and 5 > 0, we have 

ki 

Slsdf^,yj) < S*gs{f^) <^S*^^ ^{fi,yi) < kimaxS*^g ^{fi,yi). (4.22) 



i=l 
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Let (^j)jli be a decreasing sequence tending to zero so that 

hm — r = hmmi — — ~ '^(/l/^J- 

i-s>oo log Oj 510 logo 

For every j G N, let ij G {1, . . . , h} so that S* i (/i, = maxi<i<fci S* i (/i, 

Now for some i G {1, . . . , fci} the set {j G N : = i} is infinite. Considering a 
suitable subsequence of ((5j)j^i and using fl4.22p . we get 

liminf = rg(/i), 

510 log 5 

where Xi = Ui- Next we repeat the above argument by replacing ^ with ^ and 
spt(/i) with spt(/i) n -B(xi, |). Then we find X2 G |) so that 

log "5* 5,1 (/^' 2:2) log5*^ 
liminf — = liminf — = tJu). 

5iO log 5 -540 log (5 

Continuing inductively, we get a sequence xi G spt(;u) with < 2^* and 

log S* .^Aa^Xi) 

hmmf = rg(/i) 

.54.0 log 5 

for every i G N. Since spt(/i) is compact, for x = Mmi^oo^i, we eventually get 



. log'^g%2-+2(/^'^) / . log -^9 5 2- (/^'^i 

lim mt 2— < hm mt 



510 log (5 510 log (5 

for all i and thus rg(/i, x) < Tq(/i). □ 

5. Applications 

In this section, we use the local homogeneity estimate of Theorem 13 .71 as the final 
step in proving various new results. In fact, understanding the conical density and 
porosity questions in §5.1I -^ |375] below was our main motivation for investigating 
the local homogeneity. In addition to Theorem 13. 7[ the proofs will be based on 
already known geometric conclusions. 

In §5.4[ we will use the theory developed in §1] to derive a local multifractal 
formalism for a large class of measures defined via Moran constructions in doubling 
metric spaces. 

5.1. Upper conical densities in Euclidean spaces. Let G{d,n) be the Gras- 
mannian manifold of all n-dimensional linear subspaces of Mf^ and S'^~^ = G 
R'^ : \y\ = 1} the unit sphere in R'^. Then for < a < 1, V" G G{d,d-k), 9 G S'^-\ 
X G M'^ and r > we define cones 

X{x, r, V, a) = {y E B{x, r) : dist(y — x^V) < a\y — x\} 
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and 

H{x, e,a) = {y eR'^ : {y - x) ■ e > a\y - x\}. 

With small a the cones X{x,r,V,a) are small cones around the translate of the 
subspace V by x, whereas the cone H{x, 6, a) is almost a half-space from the point 
X to the direction 9. 

The distribution of Hausdorff and packing type measures inside cones is well 
studied and understood, see for example [36], SH EHl EI] . For general measures the 
following theorem was proved in [121 Theorem 4.1] under the assumption that the 
Hausdorff dimension of the measure is greater than s. We improve this result by 
showing that the theorem is true even if we assume a lower bound only for the 
packing dimension of the measure. 

Theorem 5.1. If d E N, k E {0, . . . , d — 1} , s > k, and < a < 1, then there 
exists a constant c = c{d, k, s,a) > so that for every Radon measure fi on M.'^ we 
have 

. fi{X{x,r,V,a)\H{x,9,a)) 
hmsup mt — -r > c 

riO eesd-i /i(i?(x,r)) 

VeG{d,d-k) '^^ \ ' // 

for fi-almost all x G G M*^ : dimioc(/U, > s}. 

Proof. We can reduce the proof to verifying the following condition, see [T2l Propo- 
sition 4.5]: For a given q,K E N and 1 < t < oo there exists a constant 
e = e{d,k,s,q,K,t) > so that for yU-almost all x G G M°' : dimioc(/i, > s} 
we may find arbitrarily small radii r > and ball families B with the following 
properties: 

(1) B C B{x,r) for all B e B. 

(2) The collection tB = {tB : B E B} is a packing. 

(3) fi{B) > efi{B{x,3r)) for all B e B. 

(4) IfB' CB with > i^B/K and V e G{d,d-k), then there is a translate 
of V intersecting at least q balls from the collection B' . 

We will construct the families B with the help of Theorem 13. 71 Let M = M{Nd, t^^) 
be the constant from Lemma [2.1^ 1). where Nd is the doubling constant of Mf^. Let 
m = (s + k)/2 and choose < S < min{5o) \} so that 4-'=^'=-™ > 2KMq, where 
60 is as in Theorem 13.71 By Theorem 13.71 there is e = 6{m, s, N^, 5) > so that 
limsup^j^ohom5^£^r(/x,x) > 5"™" for /i-almost all x G G M*^ : dimioc(/U, y) > s}. 
Fix such a point x and let r > so that hom^^^ x) > 6^"^/2. Now there 

is a (|5r)-packing of i?(x, |r), say Bo, with #i3o > (5""'/2 so that n{B) > 
efi{B{x, f r)) > £/i(5(x,3r)) for all B G Bq. 

Lemma 12.1^ 1) gives a subcollection B d Bq for which tB is also a packing 
and #-B > j^B/M > 6-"'/{2M). Now, because 6 < \, B G B{x,r) for each 
B E B. Thus conditions ([I])-(13]) hold. The only property we need to verify is 
the condition (H]). Suppose that B' C B with > i^B/K > 6-"'/{2KM), 
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and let V G G{d, d — k). The orthogonal projection of B{x, r) into the orthogonal 
complement of V can be covered by 4:^6~'' balls of radius |5r and so some translate 
of V must intersect at least 

A—kxk—m 

balls from the collection B' . Thus also (jl]) holds and the proof is finished. □ 

5.2. Porous measures on Euclidean spaces. We first define porosity for sets. 
Let A C M'^, A; G {1, . . . , (i}, X e A, and r > 0. We define 

porfc(y4, X, r) = sup{f) > : there are yi, . . . ,yk ^'^'^ such that for every i 

A n -B(?/i, gr) = and gr + \x — yi\ < r, 
and (yi - x) ■ (yj - x) = ii j ^ i} 

and from this the k -porosity of A at 

poTf.{A,x) = liminf por;j(y4, X, r). 

r4-0 

We refer to the balls B{yi, gr) in the definition as holes. The notion of /c-porosity 
was introduced in [30] . 

When we combine this definition with the porosity for measures, defined for the 
first time in [15], we obtain fc-porosity for measures: Let be a measure on M*^, 
k e {1, . . . , d} , X e M!^ , r > 0, and e > 0. We set 

por;j,(/i, X, r, e) = sup{^ > : there are . . . , G M"^ such that for every i 

fi[B{yi, gr)) < e/i(i?(x, r)) and gr + \x — yi\ < r, 

and {yi - x) ■ {yj - x) = if j 7^ i} 

and the k-porosity of the measure fi at x is defined to be 

por^ (/i, x) = lim lim inf por^. (/x, x,r,e). 

It follows from [TJl §2] that por^(/x, x) < | for /i-almost all x G M'^. Observe also 
that all the measurability issues concerning por^ can be handled in a similar way 
as with por^^, see [151 §2]. 

We remark that a more precise name for the porosity just defined would be lower 
porosity, to distinguish this notion from the upper porosity of sets and measures, 
see e.g. [10l[53]. 

We provide an upper bound for the upper local dimension of measures with 
fc-porosity close to the maximum value ^. In [S], this results was proved for k = 1. 
The first estimates for the dimension of sets with 1-porosity close to | are from [38] 
and [in]. For more recent results on the dimension of porous sets and measures, 
see [201 [211 SSI ID] and [ISl 1251 El ED [g. It is important to notice both here and 
in Theorem 15.61 that even if por^ (/x, x) > in a set of positive /x-measure, it is 
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possible that fi{A) = for all A C X with inf^g^ por^(A, x) > 0, see [51 Theorem 
4.1]. 

Theorem 5.2. If d G N, then there exists a constant c = c{d) > so that for 
every Radon measure fi on R'^ we have 

Q 

dimioc(/i, x) < d — k + 



-log(l - 2porfc(/i,a;)) 
for fi-almost all x G M"'. 

Remark 5.3. (1) It is rather easy to see that the upper bound in Theorem 15.21 is 
asymptotically sharp as poTj^{fj,,x) t |: For each g < ^ there exists a measure fi 
on M"^ with por^(/i, x) > g while dim ^^ Jp, x) > d — k — c/ log(l — 2g) for /i-almost 
all X G M*^. The easiest way to see this is to consider a regular Cantor set C C M 
with 1-porosity g and to let fi be the natural measure on x [0, 1]'^"'^. 

(2) The proof of Theorem 15.21 in the case k = 1 given in [5] is based on an 
extensive use of dyadic cubes. The interplay between cubes and balls caused 
many technical problems, which were finally solved by considering the boundary 
regions of cubes separately. The method used there does not work for fc-porosity 
when k > 2 although the statement itself has nothing to do with co-dimension 
being one. 

(3) Using the local L'^-dimension, we could prove a slightly weaker version of 
Theorem 15.21 Namely, 

dimioc(/i, x)<d-k + — — J- "Y 

-log(l-2por*(/i,a;)) 

for /^-almost all x G M'^, where the locally uniform version of porosity is defined as 

por^(/i,a;) = limlimliminf essinf{porj;.(yU, r', e) : y G B{x,r)}. 

The main idea is to iterate the following estimate which is obtained by applying 
Lemma 15.41 below: 

for < 6 < r. In order for this approach to work, we first need to increase the 
resolution by letting 6 tend to zero and then let r go to zero. This means that we 
have to iterate the estimate inside the ball B{x,r) without changing the radius r 
and hence we must assume some uniformity over the porosity. 

Before proving Theorem 15. 2^ we will exhibit a couple of geometric lemmas con- 
cerning /c-porous sets. 

Lemma 5.4. Let A C B{xo,r) C M'^ be so that poTf^{A, z,r) > g for every z & A. 
Then the set A can be covered with c(l — 2g)^~'^ balls of radius (1 — 2g)r , where 
c = c{d). 
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Proof. The proof is based on similar geometric arguments as used in f2U\ Theorem 
2.5], O Lemmas 3.4 and 3.5], and [ISl Lemma 5.1]. In the proof, we will omit 
some of the elementary, if tedious, details. 

Let ci,C2,C3 > be small constants. We may assume that g > ^ — ci. A 
simple compactness argument implies that Mf^ can be covered by m = m{d, C2) 
cones {H{0, 9i, 1 — 02)}™!. Observe that H{0, 9i, 1 — C2) is a cone to the direction 
9i e S'^~^ with a small opening angle. 

For each point y & A denote the centres of the holes obtained from the /c-porosity 
on the scale r by . . . , Thus, A nB{yi, gr) = and \yi — y \ + gr < r for every 
i, and — y) ■ {yj — y) = whenever i j. We observe that A may be divided 
into sets of the form 

Ai = {y e A:yj - y e H{0, 9,^, 1 - C2) for every j G {1, . . . , k}]. 

where i = {ii, . . . G {1, . . . , m}''. Since — y) ■ {yj — y) = for all y E A 
and all i 7^ j, it follows that actually most of the sets A^ are empty. Fix i so that 
7^ and choose x so that A^ fl B{x, c^r) ^ 0. Define 

M,=B{x,2c^r)^d{ U B{y,,gr)\ 

\eAinB(x,C3r) ' 

for all j G {1, . . . , /c} and let 

fc 

M=[\M,. 

Here dC is the topological boundary of a given set C . 

By simple (but rather technical) geometric inspections, we observe that if Ci, 
C2, and C3 are chosen small enough (depending only on d), then the following 
assertions are true: If / is the orthogonal projection from M to the fc- dimensional 
linear subspace 0^=1 then 

|/(y)-/(^)| < \y-z\<2\f{y)-f{z)\ 

for all y,z E M, so / is bi-Lipschitz with constant 2. Moreover, dist{y,M) < 
2y/d{l - 2g)r for all y e A^ n B{ x^csr). These estimates easily imply that 
B{x, Car) fl A± may be covered by 04(1 — 2g)^~'^ balls of radius (1 — 2g)r, where C4 
depends only on d and the choice of C3. On the other hand, the set A^ fl -B(x, r) is 
clearly covered by balls of radius c^r and finally A is covered by less than 

m'^22'^C3 %(1 - 2gf-'^ balls of radius (1 - 2g)r. □ 

Next we turn the previous lemma into a homogeneity estimate. 

Lemma 5.5. Let Q < g < ^ and let ft be a Radon measure on M'^ such that 
fi{A) > 0, where A C {x E M."^ : por^(/i, x) > g}. Then for each e > there is a 
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Borel set A,, G A with /^(Ae) > such that 



limsup homi_2g,e,r(/^, a;) < c(l — 2g) 



k-d 



for every x G Ag,, where c = c{d). 

Proof. Let e > and take tq > so that the set 

As = {x G A : poTj^{fi, X, r, e/2) > for all < r < vq} 

has positive /x-measure. Now take a density point x G and a radius < r < ro/5 
for which 

, , ^ \." >\-e. (5.1) 
fi[B{x, 5r)j 

Let ;B be a ((1 — 2f))r)-packing of B{x,r) so that /i(-B) > efi[B{x,5r)) for all 
B E B. Write for the centres of the balls in B. For each B E B choose 
yEAirnB. Because of flS.ip . such a point y exists. A direct calculation using the 
fc-porosity at y on the scale r implies that 

Porfc(Af5, x,r)> g- 2(1 - 2g), 

where x is the centre of B. Since this holds for all x G Ag, Lemma 15.41 implies 
that Ab may be covered by c(l - 2{g - 2(1 - 2^)))*'"'^ = 5^-°'c(l - 2g)''~'^ balls 
of radius 5(1 — 2g)r. Here c = c{d) is the constant of Lemma [5.41 It now follows 
that #i3 = #Ab < 10'^5'=-'^c(l - 2g)''-'^ yielding the claim. 

It is important to note here that we are not covering the set A^ as it generally 
is not even porous. □ 

Proof of Theorem \5.2[ Let c = c{d) > 1 be the constant of Lemma 15.51 and let 
< g < ^. Our aim is to apply Theorem 13.71 with 

, , logc 4(ilog240 
m = a — k -\ — ; -, s = m + 



log(l-2f?)' -log(l-2^)' 

and 5 = 1 - 2g. Let t= {m + s)/2 and take M = M{Nd, j^) from Lemma O^l). 
Here Nd < 4^^ is the doubling constant of W^. To be able to use Theorem 13. 7[ we 
need to check that 6 < 6o, where 6o = So{m, s, No) is defined in fl3.12p . Inspecting 
the proof of Lemma Eljl), we estimate M < 4'='(i°g2 60+i) ^ ^d . QQ2d g^^^^g 

5o = (574M)'/^*^'-'"/^^) > (1/(4^+1-602'^))'/^*^'-'"^'^^^ 
> {240"')-'^'^'-'"'> = l-2g = 6 

and Theorem 13.71 is applicable. Let e to be the constant Eq = eo{m, s, Nd,S) of 
Theorem 13.71 

Proving the theorem now easily reduces to showing that dimioc(/i, x) < s almost 
everywhere on the set A = {y E M.'^ : por^(/i, ?/) > g}. We may assume that 
fj,{A) > since otherwise there is nothing to prove. Suppose to the contrary that 
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there exists a set A' G A with positive measure such that dimioc(/i, x) > s for all 
X G A'. Using Lemma [531 "we find a set A^ C A' with fi{As;) > so that 

limsuphomi_2e,e,r(/i,x) < c(l - 2^)"'^+'= = (1 - 2^)""" 

for all X G Ag. Now Theorem 13.71 implies that dimioc(/i, x) < s for /^-almost all 
X E A^. This contradiction finishes the proof. □ 

5.3. Porous measures on regular metric spaces. If we consider fc-porosity 
with k = 1 there is no orthogonality condition on the direction of holes. By 
replacing the Euclidean distance |x — by d{x,yi) in the definition, it makes 
perfect sense to investigate 1-porosity, which we simply call porosity, in a general 
metric space {X,d). 

If X is an s-regular metric space, then for any A G X with inf^-g^ por^(A, x) > g, 
we have 

dimp(74) < s — cg^, 

see [28t Theorem 4.7]. Our result for measures in this direction is the following. 

Theorem 5.6. Assume that X is an s-regular metric space and n is a Radon 
measure on X satisfying the density point property. Then 

dimioc(/i, x) < s — cpoTi{fi, xy. 

for fi-almost all x G X . Here c > is a constant depending on the data used in 
defining the s-regularity. 

In the proof of Theorem 15. 2[ we used a known estimate for /c-porous sets via a 
density point argument. The density point property in Theorem 15.61 is needed in 
order to use a similar approach. To prove Theorem 15. 6[ we recall the following 
estimate from [28l Corollary 4.6]. Recall that for an s-regular measure z/, the 
constants a^, b^, and Vi, are such that ai^r'^ < v{^B[x, r)) < h^r^ whenever < r < 
Ty and X G spt(z/). 

Lemma 5.7. If v is s-regular on X with spt(z/) = X, then there exist constants 
Ci,C2,C3 > depending only on s, a^, by that satisfy the following: If x G X, 
> 0, < r < C3 min{rp, r,^}, A G B{x,r), and poTi{A,y,r') > g > for all 
y G A and < r' < Tp, then 

y{A{r")) <Ciu{B{x,r)){^—y^' 

for all < r" < r . 

Proof of Theorem \5.b\ Let v be an s-regular measure on X with spt(z/) = X and 
let the constants Ci, 02,03 > be as in Lemma ISTTl Let Q < g' < g and choose 
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6' > SO small that \og{2cib^/a,y)/\og{l/6) < C2g"' for all < 5 < 5'. We want to 
apply Theorem 13.71 with 

= . - |^(,74)- + s' = s~ m 

and < 5 < mm{l, g'r^/2,6',6o}, where 6o = So{m',s',N) > is as in Theorem 
13.71 Let e > be the constant Eq = eo{m\ s', N,6) > from Theorem 13.71 

It is clearly sufficient to prove that given ^ > 0, we have dimioc(/i, x) < s — cg^ 
for almost all x G A^, where 

As = {x & X : por(/i, x, r, e/2) > g for all < r < tq}. 

We note that is a Borel set. (A careful inspection of the definitions shows that it 
is in fact closed.) Let x e be a density point of and take < r < min{l, ro/2} 
so small that 

^ ) , \. ' >l-e. (5.2) 
lx[B{x, 5r) j 

Our goal is to show that for any (5r)-packing B of 

A= [y e B{x, r) : fi{B{y, 6r)) > 6fi[B{x, 5r)) } 

the set Aq = {y E A : y is the centre point of some B E B} satisfy the assump- 
tions of Lemma 15.71 Using Lemma 15. 7[ we are able to estimate the cardinality 
of B and hence also homs^s,r{fJ',x). The desired upper bound for dimioc(/i,x) then 
follows from Theorem 13.71 

Fix a (5r)-packing B of A and y G Ag. Assume first that < r' < 26r/g'. If 
B{y, g'r' / A) \ (^)^/*^'r'/4) = 0, then it follows from the s-regularity of u 
that 

a^ig'r'/AY < u{Biy,gV/A)) = v{B{y,{^Yl^g'r'/A)) < ^{g'r' /Af 

which is impossible. Hence there exists a point z G B{y^ g'r' / A)\B(^y, (^)^^*f?V/4) . 
Since g'r'/A < 6r, we have A^ n B{z, {^Y^" g'r' /A) = and as {-^^Y^' g'r' /A + 
d{y,z) < g'r'/2 < r', it follows that poTi{Ai3,y,r') > (^)^/*^74 for all < r' < 
2Sr/g'. 

Let us next assume that 2Sr/g' < r' < 4(^)^/'*r. If A^ fl B{y,5r) = 0, then 
(15. 2 p and the definition of A imply that 

li{B{y,5r)) < fi{B{x,5r) \ A^) < £/i(5(x, 5r)) < fi{B{y,5r)). 

Hence there exists a point z G A^CiBly, 6r). The definition of A^ in turn guarantees 
the existence of a point w E X such that fx[B(w, g'r'Y) < |/x(-B(2;, r')) and g'r' + 
d{z-, w) < r' . Now 

g'r' /2 + d{y, w) < g'r'/2 + d{y, z) + d{z, w) < g'r' + d{z, w) < r' 
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and AQnB(w, g'r'/2) = because for any G B{w, g'r' /2) we have fi[B(w', Sr)) < 
IJ,(^B{w, g'r')) < r')) < £:/i(i?(a;, 5r)) . Therefore por^(ylg, ?/, r') > g'/2. 

Consequently, for 26r/g' <r'< 4(^)^/''r we have ^oi^{AB,y,r') > {f^Y^" g' /4:. 

Now let 4(^)i/V < r' < and'put t = ji^Y^'r' + 2r. Then t < jif^Y^'r' 
and thus 

u{B{y,t)) < < a. i'^y < iy{B{y, |r')). 
So there exists w G B{y, |r') \ B{y,t). Now Ab n B{w, jij^Y^'r') C B{x,r) f] 

5(w,i(f^)i/V) = and thus pori(AB,?/,r') > i(ff)^/". 
Putting the three estimates together, we have 

poTMB,y,r')>ij-;;Y/'g'/A 

for all y G A^ and < r' < r,^. We can now use Lemma [5.71 to obtain 

#Ba,{6ry < = z/(As(5r)) < Ciz/(5(x, r))^'^^^'/^)^' < CiKr^d"^^'' ^^^^ 

BeB 

for all < r < car,^. Since this is true for all (5r)-packings B of A, and fl5.2p is 
true for all small r > 0, we get 

limsuphom5,,,,(/i,a;) < ^s"^^''^^^^'' < 5'""' 

for /i-almost every x G A,.. Therefore, by Theorem 13. 7[ we have dimioc(/i, a;) < 
s' = s — ^^{g' l^y for /i-almost every x G A^r. This completes the proof. □ 

5.4. Local multifractal analysis in metric spaces. We next introduce a class 
of Moran constructions in a complete doubling metric space X and show how 
Theorem 14.21 can be applied to calculate the local dimensions for a large class of 
measures defined on these Moran fractals. Then we turn to study the multifractal 
spectrum of these measures. Our main goal is to show that using the technique 
introduced in §11 we can push the standard methods used to calculate the local 
dimensions for self-similar measures on Euclidean spaces (see [SlIlTllIS]) to obtain 
analogous results in doubling metric spaces with very mild regularity assumptions, 
see Remark 15.101 

Let m G N, E = {l,...,m}^, S„ = {l,...,m}'^ for all n G N, and = 
{0} U UneN ^n- If n G N and i G S U IJjln ^i' then we let i|n = (zi, . . . , in) (and 
i|o = 0). The concatenation of two words i G E^, and j G S U S^, is denoted by 
ij. We also set i~ = i|n-i for i G S„ and n G N. By |i|, we denote the length of 
a word i G S^,. We assume that {E^ : i G S^,} is a collection of compact subsets 
of X that satisfy the following conditions for some constants < Co, Ci < oo: 

(Ml) C E^- for all ^ i G S,. 
(M2) E^i n E^j = if i G and 2 ^ j. 

(M3) For each i G S*, there is a: G i?i such that B (x, Cq diam(i?i)) C E^. 
(M4) diam(i?i|^) — )■ as n — )■ oo, for each i G S. 
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(M5) diam(£;i-)/diam(£;i) < Ci < oo for all 7^ i e E*. 

We define the limit set of the construction as E = HneN Uies -^i given i G S, 
denote by x± the point obtained as {^Ci} = f]^^j^Ej_\^. We assume that for each 
i G {1, . . . ,m} there is a continuous function Ti'. E ^ (0, 1). Given x E E, and 
i G E„, we let ri{x) = Y[k=i^iki^)- Moreover, we assume that 
(M6) lim„_^oologdiam(£^i|^)/logri|„(xi) = 1 uniformly for all i G E. 

Throughout this subsection, we will assume that {£^1} is a collection of compact 

sets satisfying the assumptions (M1)-(M6). Our next lemma shows how we can 
obtain a 5-partition of X from the elements of {E^} which arc roughly of size S. 

Lemma 5.8. Forn G N, denote Sn = {E^ : diam(£i) < Ci/(Co2") < diam(£;i-)}. 
Then there is a {2^^'^) -partition Qn of X such that each E^ G Sn is a subset of some 
Q E Qn and all elements of Qn contain at most one element of Sn- (The constant 
A used in defining these partitions is independent of n.) 

Proof. Consider a maximal collection B„ of disjoint balls of radius contained 
in X \ U Sn- Define An — Snl^ Bn — {Ai, A2, - - .}. For each x G X, we let i^ — 
min{j G N : dist(a;, Aj) = min^g_4^^ dist(x, A)} and set Qa^ = {x G X : ix = i} 
for all i G N. It is then easy to sec that Q„ = {Qa '■ A G An} is the desired 
(2~")-packing. Observe that each Q G Qn is a Borel set since Ui=i Qai is closed 
for all k- Moreover, the constant A of this partition depends only on the constants 
Co and Ci as one may choose A = CqCi + 1. □ 

Let /X be a probability measure on X with spt(/i) = E. Then for each i G E*, 
/X induces a probability vector p± = {pi, . . . with > for i G {1, . . . , m} 
such that n{Eii) = p\fi{Ei) for i G {1, • • • ,m}. Given i G S„, we denote fi± : = 
= 11^=1 Pi| 1- next theorem, we assume that the weights p± are 

controlled in terms of continuous probability functions p{x) = {pi{x), . . . ,pm{x)). 
More precisely, we assume that for each i G {1, . . . , m}, the function p^: E ^ (0, 1) 
is continuous with Yll^iPii^) — 1 all x G and that for some a > 0, we have 
Pi{x) > a for all x and i- As with the functions r^, we define ii±{x) — Y[k=iPiki^) 
when i G E„. 

Theorem 5.9. Let {E± : i G E*} be a collection of compact sets that satisfy the 
conditions (M1)-(M6). Suppose that fi is a probability measure on E and let p± 
and p be as above- If p±\„ — )■ p{x^) as n ^ 00 uniformly for all i G E, then, for 
all X E E and all q >0, Tg{fj,, x) is the unique r G IR that satisfies 



m 




(5.3) 



i=l 



Moreover, 



dimi(yu, x) = dimioc(yU, x) 



EIliPi(3^)logri(x) 



(5.4) 
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for fi-almost all x & E. 

Proof. We prove the claim (15.31) . The identities (15. 4p then follow from (15. 3p by 
implicit differentiation together with (14.31) and Theorem 14.4^ 6). 

For each n G N, let £n and Qn be as in Lemma 15.81 Given 7^ i G S,,,, 
we denote by the unique element of IJneN 2" ^^^^ contains and does not 
contain E^- (we assume without loss of generality that £1 = {-E'0} so that this 
makes sense for all n). Let us fix g > 0, x G -E and let i G S so that x = x±. Let r 
be as in (15. 3p . We first prove that Tg{fj,,x) > r. Let < c < L Since p±\^ — )■ p{xi) 
uniformly and y 1— i- p{y) is continuous, we may choose no so large that > cpi{x) 
whenever i G {!,... ,m}, j G S*, and Ej C Making no larger if necessary, 

we may also assume that 

cri{y) < ri{x) < ri{y)/c (5.5) 

for all y G E^\^^^ and alH G {1, . . . , ni}. 

Now, for all r > 0, we choose Nq > no so that C B{x,r) whenever j G S^,, 
|j| > and Ej C Ei_y^. Given n > Nq, let Z„ = {j G S* : G Q„ and Ej C 

Eii^J. Let e„ = minjg^„(diam(Ej)/rj(x)) ^. Now, denoting co = C^^'^^fil^^, we 
get an estimate 

2^^^ E -"(^3)' > ^r'^' E -"j diam(£;3)-- > co5„ J] c^lJl/i,(x)Vj(x)-^ (5 3) 

For each j G Zn, pick y ^ Ej. Using (M6), we may assume that \ogrj{y) > 
2 log diam(i?j ) by making A^o larger if necessary. Letting rmax = niax|rj(?/) : y G 
E and z G {1, . . . , m}}, we have 

logrj^L > logrj(?/) > 21ogdiam(Ej) > -2nlog2, 
and consequently, 

,., ^ 21ogdiam(Ej) ^ -2nlog2 ^ 

|j|< j ^ - 1 <nC2, (5.7) 

log Tjnax ^Og '"max 

for a constant C2 < 00 independent of n. On the other hand, 

E /xj(a:)V3(x)-- = /Xi|„„(x)Vi|„^(x)-- =: C3 (5.8) 

by iterative use of (15.31) . Putting (I5.6p - (l5.8p together, we get 

log J2 ^'(Qjy > log(2-"-Co£„c^"^^C3) 

jez„ (5.9) 
= log 2""^ + log En + qnC2 log c + log(coC3) . 

To estimate loge„, we choose j G Zn such that En = (diam(i5j)/rj(x)) Then 
loge^ = — Tlogdiam(£'j) (1 — logrj(x)/logdiam(£'j)). (5.10) 
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Moreover, log r^{y) + |j|logc < logrj(x) < logrj(?/) — |j| logc for all y E hy 
flS.Sp . Using (15 -Zp . this gives 

+ C4logc<- — < - — , . — 64 logc (5.11) 



log diam ( ) log diam ( E^ ) log diam ( .Ej 

for some constant < C4 < 00. 

Using dSl]), (CTJ]) . dSil]), and (M6), we finally get 

■°sE«..,,..|A.(Q)' ^ log E,«. Me, : 



log 2~"' n"S>oo log 2~" 

< r - (gC2 + |r|C4)logc/log2. 

As c < 1 and r > can be chosen arbitrarily, we get, by recalling Theorem I4.4r i). 
that rg(/i, x) < T. 

To prove that rg(/i, x) > r, we first fix < c < 1 and Tq > so that cp* < Pi{x) 
and crj(x) < rj(y) < ■^rj(x) whenever 2 G {1, . . . , m} and y (z Ej C B{x, vq). Then, 
if < r < ro, we may find no G N and finitely many elements E^ G Q„„, E^^ C 
-B(x,ro) whose union covers B{x,r). For each such E^, and n > uq, we put k = 
{j e T.^ : Qj e Qn and C E^,}. Putting M„ = maXjez„,k(diam(i?j)/rj(x)) ^, 
we may estimate as in (15. 6p to obtain 

Calculating as above, this implies 

. p log I]QeS„(x,r) , / , I ir^ M /I o 

hm mf — ^ > r + (gCs + r (74) log c/ log 2. 

" log2~" 



n— ^-oo 



Letting r 10 and then c t 1, gives Tg{fi, x) > r. □ 

Remark 5.10. (1) One can find Moran constructions that satisfy (M1)-(M6) with 
very mild assumptions on the space X. For instance. Theorem 15.91 can be applied 
in (complete) doubling metric spaces under the assumption that there exists a 
constant c > such that any ball B{x,r) C X contains two disjoint sub-balls 
B{xi, cr) , B{x2, cr) C B{x,r). Different types of Moran constructions in metric 
spaces have been recently studied in ^6] . 

(2) The result is interesting already in M". We remark that a self-similar measure 
on a self-similar set satisfying the strong separation conditions is a model case for 
Theorem 15.91 in the special case when pi and rj are constant, see [IB]. However, as 
Pi and Tj are allowed to vary depending on the point. Theorem 15.91 can be applied 
in more general situations. 

To discuss multifractal properties of the above measures, we let 

Ea = {x E X : dimioc(/i, x) = a}. 
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for a > and define the Hausdorff and packing multifractal spectra of /i by setting 
fn{c() = dimH(-Ea), and /p(a) = dimp{Ea). It is common to say that "/i satisfies 
the multifractal formahsm" if for all a > the values of fnia) and fp{a) are given 
by the Legendre transform of r, that is, if 

fnia) = /p(a) = inf {ga - (5.12) 



Perhaps the most classical situation in which the multifractal formalism is known 
to hold is the case of self-similar measures in Euclidean spaces under the strong 
separation condition, see e.g. [9l|T8]. Next we present a generalisation of this result 
into metric spaces. For this, we introduce the following additional conditions on 
the collection {E^^ : i G S^,}. 

(M7) There is c > so that for each Q G £n, there is x & E with B{x, c2^") C Q. 
(M8) lim^j^o log^/ log(diam(ii^i|^^. ^j)) = 1 for all i G S, where n(i,r) = max{?7, G 
M:5(xi,r)nEcEi|J." 

To handle fl5.12p . we have to deal with Tg for negative values of q and for this 
we use the following lemma. Observe that we cannot use Theorem 14.41 (1) when 
g < 0. 

Lemma 5.11. Suppose that in the setting of Theorem \5.9{ also (M7) holds. Then, 
for all X G E, Tq{fi,x) is determined by (15. 3p also when q < 0. 

Proof. Let q < 0, x E E and let r G M be the unique solution of (15.31) . With trivial 
modifications to the proof of Theorem 15. 9^ we see that 

logEQeQ„,/^(Q)' 
r = limliminf (5.13) 

40 n-s>oo log2~" 

where Qn,t = {Q G Q„ : Q C 5(x, t) and Q n E 7^ 0}. (Observe that spt(;u) = E.) 

In order to prove that r = Tq{fx,x), let t > 0, 2~" < 6 < 2""+^ < t and 
y E E r\ B{x,t). Then there is G N depending only on the numbers Cq and 
Ci so that B{y,6) D Q± for some Q± G Qn+no,2t- Thus, for any 5-packing {Bi} of 
B{x,t) n spt(/i), we have 

i Q&Q?i+nQ,2t 

To get an estimate in the other direction, we fix n and t and use the assumption 
(M7) to find for each Q G Qn^t a point y G spt(/i) fl B{x,t) such that for Bq = 
S(?/,c2""), we have Bq C Q. Thus, for the (c2~")-packing {Bq : Q G Qn,t}, we 
have 

QeQn,t QeQn,t 
Combining (I5.13p -f l5.15p . and taking logarithms, it follows that Tq(fi,x) = r. □ 



36 



ANTTI KAENMAKI, TAPIO RAJALA, AND VILLE SUOMALA 



Remark 5.12. Inspecting the proofs of Theorems 15.91 and 15.111 we observe that in 
the setting of these results, hminf„_5.oo in the definition of rg(/i, x) can actually be 
replaced by lim„_j.oo- 

Theorem 5.13. Let {E± : i G S*} &e a collection of compact sets that satisfy 
the conditions (M1)-(M8). Suppose that r = (ri,...,rm) and p = {pi,...,pm) 
are constant functions and n is a measure with spt(/i) = E such that — )■ p 
uniformly for all i & 12. If < a^am < ttmax cire the asymptotic derivatives of the 
concave function q i— )■ Tg{fi), then (15.1 2p holds for all < a < amax- 

Theorem 15.131 follows from Lemma (5.141 below, by taking 6 = 0. Observe that 
the mapping q Tg(/i) is indeed concave and continuous on R by inspecting (15. 3p . 
Moreover, one easily derives that amin = : z G {1, . . . and amax = 

max{|^ : i G {1, . . . ,m}}. Furthermore, dimi„^(/i, x), dimioc(Ai, x) G [ttmin, ttmax] 
for any x G -E. 

Lemma 5.14. In the setting of Theorem \5.13[ let f{a) = mmg^^{qa — Tg{fi)} 
for grain < a < amax- If £ > and Ea,e = {x e E : a - e < dimio^(/i, a;) < 
dimioc(Ai, x) < a + e}, then 

f{a) -ce< dimn{E^^e) < dimp(E„,,) < f{a) + ce (5.16) 

for a constant c < oo independent of e. 

Proof. The proof is similar to the proof of [HI Proposition 11.4]. We give some 
details for the convenience of the reader. Let r = (ri, . . . , r^) and p = (pi, . . . ,Pm) 
be the constant values of the mappings r and p. Denote moreover, Ti = 11^=1 ^ij 
when i G We set r = Tq{fi) and choose g G M so that /(a) = qa — r. Then 
we define a probability measure u on X with spt(z/) = E hj setting 

iy{E,,) = pIt-^v{E,) = f^lrr = l^m^r^ (5-17) 

for i G S^, and i G {1, . . . Recall that 'Yl,T=iPi^l^ = 1 by Theorem 15.91 and 

Lemma 15. Ill 

For all i G S the condition (M8) implies that 

^^\oci.^^Xi) = liminf logz/(Ei|„)/logdiam(Ei|„), (5.18) 

n— ^oo 

dimioc(z/, Xi) = limsuplogi^(Ei|„)/logdiam(£'i|^), (5.19) 
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Let 7] > 0. Using (ICTTIl and (M6), we find 6o > and no G N so that if 
< 6 < 6q and n > no, then 

u{{x, G E : /i(Ei|J < diam(i?i|J"+^+n) 

= u{{x, e E : /.(Ei|J-Miam(i?i|J^(°+^+^) > 1}) 
< ^ ^(Ei)-'^diam(Ei)^("+^+^V(Ei) 

wfiere 7 < 1 is independent of n. For the last estimate, see Lemma 11.3]. 
In the second to last estimate we used (M6) to conclude that diam(ii^i)'^'^""'"^"'"'''^ < 
^5{a+e+n/2) i G S„. Summing the above estimate over all n > Uq, and letting 

6^0, this implies that 

dimioc(/i, x) < a + e (5.20) 
for i/-almost all x G X. A similar calculation gives 

dimjQj.(/i, x) > a — e (5.21) 

for i/-almost all x. Thus, in particular, we have 

iy{X \ E„,,) = 0. (5.22) 

From f l5.17p . it follows that 

logz/(Ei) log/i(Ei) logri 

= q T 

log diam (Ei) log diam ( E'l ) log diam ( E^ ) 

for all i G S„. Using (M3) and (M6), we observe that logri/ log diam (i?i) — )■ 1 as 
|i| 00. Combined with fl5J8|l -f l519|) and (ESDI) -(EH]), this gives dimioc(i^, x) < 
qa + \q\e — r = /(a) + \q\e and similarly dimiQ^(i/, x) > f{a) — \q\e for all x G -Eq-,^. 
Together with f l5.22p . these estimates readily imply that /(a) — Igje < dimH(-E'a,e) < 
dimp{Ea,e) < /(tt) + \q\e- □ 

To finish this section, we show how the local L^-spectrum can be used in the 
setting of Theorem 15.91 We introduce a coarse type local multifractal formalism 
for the spectrum 

fn{a,x) = limlimdimH({y G B{x,r) : a-e < dim^^^{fi,y) < dimioc(/i, y) < a+e}) 

for X G X and a > 0. The corresponding packing spectrum, /p(a,x) is defined 

by replacing dimn by dimp above. Let a^inix) = min{|^||^ : z G {1, . . . 

and a^ax{x) = max||^||^ : i G {l,...,m}} be the asymptotic derivatives of 

q ^ Tg{fI,X). 
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Theorem 5.15. Let : i G S*} be a collection of compact sets that satisfy the 
conditions (M1)-(M8). If p±\^ p{xi) uniformly for all i G E, then 

fnia^x) = fp{a,x) = mi{aq - rg(/i,x)} 

q&M. 

for all X G E and amm(a;) < a < amax(a;)- 

Proof. Let x G E, amin < a < Omax, pix) = {piix))^^ and suppose that v is 
the probabihty measure on X defined using the weights p{x), that is, v{E±i) = 
Pi{x)u{E^) for each i G S* and i G {1, . . . , m}. 

Let e > and c > 1. Then, as p{x±) uniformly and y i— p{y) is continuous, 
there is ro > so that 

pI/c< Pi{x) < cp\ 
whenever E^ C B{x,r^. This gives 

with some constants and C3 and, consequently, 

logCg + |i| logc ^ log/i(Ei) ^ logz/(Ei) 
logdiam(£'i) logdiam(i?i) ~ logdiam(i?i) 

^ logCs - |i|logc ^ log/i(Ei) 
~ logdiam(i?i) logdiam(_E'i) 

As c can be chosen arbitrarily close to 1, and as diam(i?i) < 71^' for some 7 < 1 
(use (M6) and the fact that max{ri(x) : x G E and i G {1, . . . ,"^}} < 1), this 
implies that for small r > 

dimi„^(/i, y) - e/2 < dim^^^{iy, y) < dimioc(z/, y) < dimioc(/U, y) + e/2 (5.23) 

when ?/ G B{x,r). Observe that (15.181) and (I5.19P hold for any measure whose 
support is contained in E by (M8). Denote Ea,e,r = G B{x,r) : a — e < 
feioc(/^>l/) < dimioc(/i,?/) <a + e},Eo = {ye B{x,r) ■.a-e/2< dimio^(i/, ?/) < 
dimioc(i^,?/) < a + e/2}, and Ei = {y e B{x,r) : a - < dim^^^{u,y) < 
dimioc(i^, ?/) < a + Now it follows from fl5.23p that Eq C Ea,e,r C -Ei. Com- 
bined with Lemma 15. 14^ this yields 

/(a) -c£ < dimH(^o) < dimii{Ea,e,r) < dimp(E„,e,r) < dimp(Ei) < /(a) + ce, 

where /(a) = mfg^^{qa — Tg(z/)} = miq^^{qa — Tq{fi,x)} and the constant c < 00 
is independent of e. The claim now follows by letting r J, and then e J, 0. □ 

6. Examples, open problems and further remarks 

6.1. Relations between different dimensions. The theory presented in §5.41 
gives a firm justification for the use of the local L'^-spectrum in addition to the 
global one. Below, we give few more straightforward examples of situations where 
the local L'^-dimensions seem to be more reasonable than the global ones. 
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Example 6.1. We construct a probability measure yU on M'' so that for all < g < 1 
we have dimg(/i) = d while dimg(/i, x) = = dimioc(/i, for /x-almost all x e MJ^. 

Our measure /i will be a countable sum of weighted Dirac measures on [0, l]*^. 
Let us denote by Q" the dyadic subcubes of [0, 1]'' of side-length 2~". At step 1, 
we let Ui = 1 and attach a point mass of size 2"*^ to the centre point of all but 
one dyadic subcubes of [0, 1)'^ in Q G Q^. Let Qi G be the one remaining 
cube of measure 2~'^. At step 2 we choose a large integer n2 G N and attach 
a point mass of mag nitude 2-"2V(Qi) to all but one of its dyadic subcubes in 
Qni+n2_ continue inductively, at the k :th stage we choose the one remaining 
cube Qk-i G Q"i+ - +"fe-i^ choose a large integer and attach a point mass of size 
2~"''='^/i(Qfc_i) to the centre points of all but one dyadic subcubes of Qk-i in the 
collection 

At the k:th stage we have for all < g < 1 that 

log(2"'='^(^-''V(Qfc-i)^) , log/i(Qfc-i) 
- - [q-l)d + q- 



log2-"fe ' log2-"ft 

Thus, choosing the numbers large enough, we can ensure that 

r,(/x)=liminf-4— log KQT < (Q ' ^ 

n. — ^no OCT / "'k f * 



n— >oo loer 2~"''= 



Here we have used (14. 5 p for the global spectrum. On the other hand, it is well 
known and easy to see that Tg(/i) > {q — l)d for all measures /i on with bounded 
support. Whence it follows that dimq(/x) = d. Furthermore, it is clear from the 
construction that Tq{fi,x) = dimq{fi,x) = dimioc(/x, a;) = for //-almost all x G M"^. 

Example 6.2. If fi is the sum of a Dirac point mass at the origin and the Lebesgue 
measure on the unit cube of M.'^, we see that dimg(/i) = whereas dimq(/i,a;) = 
d = dimioc(/i, x) for all g > 1 and all x G [0, l]'' \ {0}. 

Question 6.3. For g > 1, is it possible that dimg(/i) = while dimg(/i, x) > 
almost everywhere? 

The authors observed already some years ago that in M*^ also the L'^-spectrum 
estimates can be used to gain information on the dimension of porous measures, 
but the results were somewhat weaker than the results obtained from the local 
homogeneity estimates in §5.21 above, see Remark IS.St S). One motivation for in- 
vestigating the local L^-spectrum in metric spaces was to find out, which of these 
two methods, if any, is stronger. Also, in view of Theorems 13.21 and 14.21 it is inter- 
esting to compare dimhom(Ai, x) to limgi-i dimg(/i, x). In the following two examples 
we show that, in general, there is no relationship between these two values. We 
present the examples in R but similar constructions work in any dimension. The 



40 



ANTTI KAENMAKI, TAPIO RAJALA, AND VILLE SUOMALA 



first example also shows that a measure may have large homogeneity even if it is 
of packing dimension zero. 

Example 6.4. We construct an example in M so that limgi-i dimg(/i, x) = while 
dimhom(Ai5 a;) = 1 for /^-almost all x G M. The idea is to apply a construction 
resulting to a zero dimensional measure on a Cantor set. The large homogeneity 
is obtained by performing infinitely many (but extremely seldom so that it does 
not affect the value of dim^) construction steps where the measure is distributed 
almost uniformly inside the construction intervals of that level. 

We first pick a sequence < J, and then choose integers m^, — oo so that 

k + 1 m.- 

for all k E N. For example, we may take Si = 3/i, rrii = i, and rii = i"^. In the 
first step of the construction, we put /^([O, 2""^]) = — 2""'\1]) = |. Then 
we divide both intervals [0,2~"i] and [1 — 2~"i, 1] into 2™^ dyadic subintervals of 
length 2""!"™-! each getting 2"™^ portion of their parents measure. 

We continue the construction inductively. In the /c:th step, we perform the step 
1 construction inside each of the construction intervals of level k just by replacing 
rii and mi with and mfc, respectively. 

As rrik — >■ oo it is clear that hom5(/i, x) ~ | for all x G spt(/i) and all small 
5 > 0. Thus dimhom(/W, a;) = 1 for all x G spt(/i). On the other hand, it follows 
easily from (16.11) . that Tq{fi,x) = dimg(yU, x) = = dimq(/i) for all x G spt(/i) and 
< g < 1. Recall that by Theorem 14.41 (1) we may calculate dim^ by using dyadic 
intervals. 

Example 6.5. We construct an example in R so that limg-|-i dimg(/x, x) = 1 but 
dimhom(/^, a^) = for /i-almost all x G M. The idea is to perform a Cantor type 
construction resulting to a zero dimensional measure, but add "one-dimensional" 
perturbation which affects only a dense set of measure zero, but nevertheless, 
guarantees that the dimg(/i, x) is large for all x G spt(yu). 

Fix numbers < t 1 cind integers n^, G N so that rik ^ oo and XlfeLi 2 < 
oo. For example, we may choose qk = I — and Uk = h = k. In what follows, 
we choose a sequence of integers rrik — ?■ oo. First of these, mi, is taken so that 

mi(l -gi) - hqi ^ ^ 
riili + mi ^ 

The numbers m2, ms, . . . will be defined inductively below. 

We begin the step 1 of the construction by setting /i([0, 2""^]) = ;u([l— 2""^, 1]) = 
|. Iterating this in a self-similar manner for li steps, we get 2'^ dyadic subintervals 
of [0, 1] of length 2-"i'i each of measure 2 ^ We choose one of these intervals, 
say /, and divide it into 2"^^ dyadic subintervals of length 2~™'i|/| and of measure 
2~'"i/i(J). Inside the other 2'^ — 1 construction intervals of length 2^"^'^ we choose 
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just the outermost subintervals of length 2~'i"i~™i and let both of these intervals 
have the same measure (half of the measure of their parent). 

In the beginning of the step k, k > 2, we have some amount, say Ji, . . . , I^f, 
dyadic intervals of equal length, denoted 2~^^*. We perform the step 1 construc- 
tion inside each of these intervals, but replace rii, li, and mi by n^, l^, and m^, 
respectively. We choose rrik so large that for each I = Ij, the dyadic subintervals 
Ji of / of size 2"*^'=""'=''="™''' chosen in the construction satisfy 

^ log(2-^(^-''^)(2''^^(/))'"') k 
log(2*^fc+"*''+™fe) ~ iog(2*'-^fc+"fc'fc+™fe) ^k + 1 

The former estimate is obtained by summing over the range of intervals where the 
measure was distributed uniformly. As t 1; we clearly get limgi-i dimq(/i,x) > 1 
for all X e spt(/i). On the other hand, as rik — )■ oo, and 2"'*= < cxo, it follows 
that for /i-almost all x G M, we have hom5(/i,x) < C for all < 5 < 1 with some 
universal constant C < oo. Thus, in particular, dimhom(/U7 a;) = for almost all x. 

Remark 6.6. (1) From the previous example, it follows that a strict inequality 
dimioc(/i,x) < limgi-i dimg(/i, x) is possible almost everywhere in Theorem 14.21 We 
note that also 

lim dimq(/i, x) < dimiQj,(/i, x) (6.2) 

qil 

is possible in a set of positive measure. A simple example is given by letting 
jji = C^\[o,i] + ZlneN 2~"'^<j„ where is the Lebesgue measure and {qi,q2,Q3, ■ ■ ■} 
is dense in [0, 1]. In order to get an example where (16.21) holds almost everywhere, 
one can use a similar idea as in Example 16.51 but this time one has to construct a 
one dimensional measure with a dense zero dimensional perturbation. 

(2) We note that also the other inequalities in Theorem 14.21 can be strict. For 
instance, see [H Proposition 3.1]. 

Question 6.7. Is there any relation between the local and global entropy dimen- 
sions? Recall Proposition 14. 6[ 

Question 6.8. Is it possible to develop a local multifractal formalism for a class 
of Moran constructions including (sufficiently regular) self-conformal sets? 

6.2. Questions on porosity and conical density. A measure /i is called {q,p)- 
mean porous at x if for all £ > and for all sufficiently large n, there are at least 
pn values / G {1, . . . , n} with poT^^fi, x, 2~\ e) > g. It follows from the results of 
[5] that for any measure /i on M'^, one has 

dimioc(yU, x) <d-p- c{d)/ log(l - 2g) 

for yU-almost all x E {y E M.'^ : fi is {g,p)-m.eaii porous at y}. On the other hand, 
based on probabilistic ideas introduced in |24j, it was recently proved in [51J that 

dimioc(/i, x) < d — c{d)pg'^ 
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for /i-almost all x G G M*^ : /i is {g,p)-mean porous at y}. In light of Theorems 



15.21 and 15.61 it is natural to pose the following problems. 



Question 6.9. If /i is a Radon measure on W^, k G {1, . . . , d}, < g < 1/2, and 
< p < 1, is it true that dimioc(/U', x) < d — pk — c/ log(l — 2g) for yU-almost all 
X G G X : /i is (^,p)-mean fc-porous at y}7 Here the mean /c-porosity is defined 
just as the mean porosity but replacing por^^ by por^. 

Question 6.10. In the setting of Theorem l5.6l is it true that dimioc(/i, x) < s—cpg'^ 
for /i-almost all x G G X : /i is {g,p)-mea.n porous at y}7 

It is also reasonable to search for conical density and/or A;-porosity results in non- 
Euclidean spaces that have enough geometry. For instance, it would be interesting 



to figure out if Theorems 15.11 and 15.21 have counterparts in the Heisenberg group. 



6.3. Concerning the definition of homogeneity. If we replace limsup^^Q by 
liminfr4.o in the definition of homs{fi,x) in (13. 2p . we denote the pointwise homo- 
geneity dimension obtained this way by dim ^^^^f^u, x). However, such lower homo- 
geneity is not very interesting from our point of view since it does not give any 
bounds for the local dimensions dimj^^ or dimioc. It is easy to find measures with 
ciimjjQjj^(/i, x) = and dim ^^Jp, x) > almost everywhere. (It is essentially enough 
to construct a Cantor set C C M with dimH(C) > such that for each 6 > and 
all X G C, there are arbitrarily small radii r > such that Er\B{x, r) C B{x, Sr).) 
One can, however, consider dinihom as a measure of antiporosity and it could turn 
out to be useful in connection with upper porous measures, see jlQl 153] . 

Our definition of homogeneity is somewhat related to the (upper) average ho- 
mogeneities Hom^ considered in [27]. It is possible to modify Example 16.41 above 

to obtain a measure on M with Hom^(yu) = for all k > 100 and z > 10 but 
nevertheless homs{fi,x) ^ for all < 5 < 1 and x G spt(/i). Thus it is not 

possible to bound Hom)j(/i) from below using homs{fi,x). On the other hand, it 

is clearly possible that homs{fi,x) is small in a large set even if Hom^(/i) is large 

for alH G {1, . . . ,k}. This refiects the fact that hom^ is a local concept and Hom^ 
is not. It is, however, possible to consider restriction measures in small balls and 
define a "local upper average homogeneity" . It is then easy to see that this local 
average homogeneity may be used to bound homs{fi,x) from below. This is the 
essential content of [121 Lemma 4.6]. 

A positive answer to the following question would be very interesting, although 
maybe a bit unlikely. 

Question 6.11. Is there any kind of set dimension related to dimhom(/U) 2;) in the 
fashion of ([211]) and fl^ . 

In the definition of the homogeneity dimension, liminf^j^o in (13.31) cannot be 
replaced by lim^j^o at all points, as shown in Example 16.131 below. However, the 
following question looks reasonable. 
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Question 6.12. Is dimhom(/^5 a;) = lim^^o ^°y^gs^'^^ /^-almost all x? 

Example 6.13. We will construct a measure /i as a countable sum of Dirac point 
masses on M so that 

log+honiA(/i^ 1 1 log+ homA(/i,0) 

limmr ; ; < 7 < ^ < limsup ; ; . 6.3 

A^o -log A ^2 -log A 

For each A; G N, we choose numbers < A^ < 1 such that Ai = 1/9, A^ G N, and 
2Afc+i < A^. In addition, we fix numbers > such that 2'^ X'/^^^'^ rrik+im'f^^ — )■ 

^ ^ '1/2 > A~ ^'^^ -f-l 

as — 7- 00. For each A; G N, we let fXk = J2i=i 2~*A/ 111^ J2j=i '^io-'=(i-jAi) ^-^id 
define /i = XlfcLi /^fc- Here 6^ is the Dirac unit mass at x. 

To verify fl6.3p . we fix A; G N. Then, if e < 2~'^A^^^, and n > A; is large enough, 

— 1/2 

we have homAj./3,e,io-"(yU, 0) > A^^. . Letting n — )■ 00, and e J, 0, this implies that 
homAj./3(/i, 0) > A^ and the right-hand side inequality of (16. 3p follows. 

Next, let e > 0. Then for small r > we have hom2^/A^£ 0) ^ -^fc-i + ■ ■ • + 
A^^''^ < 2A^j';(^ < A^^^*. Letting r J, and £ J, 0, this implies that hom2^/T^(/i, 0) < 
(v^Afc)^^/"^ and so also the left-hand side inequality of (16. 3 p follows. 

The following question asks whether Lemma 13.41 remains true in non-complete 
spaces. Example 16.151 below shows that on a fixed scale, homogeneity is not nec- 
essarily a Borel function. 

Question 6.14. If /i is a Radon measure on a doubling metric space X, then is 
X dimhom(/^, a;) defined on X a Borel function? 

Example 6.15. For a fixed r > 0, it is easy to construct an example in which 
X I— )■ hom^^g ,.(a*, 2;) is not a Borel function. For example, let E C [0,r/2] be a 
non-Borel set with positive Lebesgue measure and define the metric space to be 
X = (M X {0}) U {E X {r}) equipped with the Euclidean metric. Let /i be the 
length measure on X. Then with a small £ > 0, we have homi/2,e,r(/^, a;) = 3 for 
X e E X {0} and homi/2,e,r-(yU, x) = 2 for a; G X \ x {0}). The'set E x {0} is 
clearly not a Borel subset of X. 

Given 7 > 1, let us define homj^^ (resp. homj and diml^^) in a similar way 
as homs^s,r but in (13.11) . replace the condition fi{B) > eiJ,(^B{x,5r)) with /x(-B) > 
efi(^B{x,'~fr)^ (thus, hom = hom^). Below, we prove that if the density point 
property holds, then dimj^^^^ typically does not depend on 7. 

Proposition 6.16. Suppose that a Radon measure fi on a doubling metric space X 
has the density point property and 72 > 71 > 1. Then dim^^^{fj,, x) = dim^^^^fj,, x) 
at fi-almost every x G X. 

Proof. Because /i(i?(x, 7ir)) < /i(i?(a;, 72r)) , it is clear that 



44 



ANTTI KAENMAKI, TAPIO RAJALA, AND VILLE SUOMALA 



at every point x G X. Assume now that there exist t > and a set A G X with 
fj^^A) > so that dim^^^{fi,x) > t > dim^^^{fi,x) for every x & A. Since X is 
doubhng, there exists M G N such that any ball of any radius r > can be covered 
with M balls of radius cr = ^^^r. 

For some ro, e,6 > there exists a set A' C A with /i(A') > so that 

hom]^^/fi,x) < 6-'/M 

for every < r < tq and x E A' and 

homJ[J^(/i, x) > 

for every x G A'. Because we only want the above inequalities to hold, we may 
slightly fluctuate the parameters 6, e, and r in the definition of homogeneity. Thus 
with a similar reasoning as in the proof of Lemma 13.4^ we may assume that A' is 
a Borel set. 

Let X be a density point of A' and take < r < tq such that fi(^A' nB{x, 7ir)) > 
(l — £/(M5*))/i(i?(a;, 7ir)) and hom^J^^^(/i, x) > Now cover B{x,r) with M 
balls of radius cr. By the pigeon hole principle, we then have in at least one 
of the covering balls, say in B{y,cr), a (3c(5r)-packing {-B?,} with at least 
balls for which /x(-Bi) > £/x(i?(x, 7ir)). Therefore, since B{y,6'y2cr) C -B(x,7ir), 
we have an estimate hom]^^ fj,, z) > 5~*/M for every z G B{y,2cr). Thus 
A' n B{y,2cr) = 0. On the other hand, /i(-B(?/, 2cr)) > -^^^/i(_B(x, 7ir)) which 
contradicts the choice of x. □ 

Example 6.17. In general, the equality of Proposition 16.161 can not hold at every 
point X G X even when X = M^. To see this take 

oo ^ 
k=l 

where ^^|si(o,2-'=) is the length measure on S^{0,2~'') = {y G : \y\ = 2~''}. 
Then dimf/^fx, (0,0)) = 1, but dim'J^fx, (0,0)) = 0. 

6.4. Necessity of the density point property. We used the density point 
property in many proofs. However, we do not know whether it is really needed. 
Thus, we pose the following "generic" question. 

Question 6.18. Is the density point property a necessity in the second claim of 
Theorem 14. 2 ^ Theorem 15. 6 j and/or Proposition 16.161 ? 

Also, to our knowledge, the following question on the local dimensions is open 
if fi does not have the density point property. Recall Remark [3.3r 2). 

Question 6.19. Suppose that /i is a measure on X, A C X is a Borel set 
with fi{A) > 0. Is it true that dimioc(/i, x) = dimioc(/iU, x), dim j^^^f/i, x) = 
dimioj.(yu|^, x), and/or dimhom(Ai, a;) = dimhom(/w|yi, x) for /i-almost all x E A. 
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Appendix A. Density point property 

It is well known that the density point property is valid for general Radon 
measures in Euclidean spaces. Moreover, it holds in all metric spaces in which 
Besicovitch's covering theorem holds, see [201 §2-8-§2.9], [391 §2], and [211 §!]• 
a general metric space, it follows from the standard 5r-covering estimate that the 
density point property is vahd for measures that are locally doubling in the sense 
that 

\imsnp fi[B{x,2r)) / ii(^B{x,r)) < oo (A.l) 

for yU-almost all x G A, see the above references. In this section, we show that for 
general Radon measures the density point property may fail even if the space is 
compact and doubling. 

Theorem A.l. There is a compact doubling metric space E, a Radon measure fi 
on S, and a compact set A C S with fi{A) > so that 

a(AnB(i,r)) , , 

lim inf , , 'J' = A. 2 

for all i G A. 

Proof. Let us first construct the metric space E. We first choose A„ = ri2" for 
all n G N and set = {0,...,A„}. We also define numbers for n G N 
by letting £1 = 1 and En+i = 2~^"e„ for all n G N. Next we define functions 
dn'. In X In ^ [0, oo) by Setting 

r 0, if z = J, 

dn{i,j) = dnij,i) = < en1~\ if z 7^ and j = 0, 

[£„(2-^ + 2-^), ifz,jV0andz7^j. 

The choice of e implies that if i, j G /„ and k,m E In+i, then 

dn+i{k,m) < dn{i,j). (A. 3) 

We now set S = H^^i -^n and denote its elements by i = (ii,Z2,...), j = 
(ji,j2, • • ■), and so on. We also set S„ = 11^=1 -^j all n G N. If i G S and 
n E N, then we let i|„ = (zi, . . . , z„) G S„. For n E N and i G S„ we denote 
[i] = { j G S : j |„ = i}. If i, j G S so that i 7^ j, then we let m(i, j) = min{n G 
N : z„ ^ 3n}- 

The metric S x S — t- [0, 00) on S is now defined by setting 

0, if i, j G S so that i = j, 

dm{i,j) (^m(i,j) ; jm(i,j)), if i, j G S SO that i 7^ j. 

This is indeed a metric: the triangle inequality follows easily from (IA.3P and the 
definition of dn- It also follows readily that (S, d) is compact. To see this, let 
(i_,)jgN be a sequence in S. To find a converging subsequence, we may clearly 
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assume that A = {ij : j G N} is an infinite set. Choosing i G S so that [i|„] HA 
is infinite for all n G N, it follows that a subsequence of (ij) converges to i. 

Our next goal is to show that S is doubling. For this, we choose i G S, < r < 
1 = diam(S) and fix n so that En+i = 2~^"en < r < En- We also choose G N so 
that 2-''en <r < 2-'=+ie„. If > 1, we get 5(i,2r) C r) U5(io, r) U5(ii, r), 
where io = {h, in-i, 0, in+i, . . .) and ii = (ii, . . . , k-1, i^+i, ...). If A; = 1, 
then B{i,2r) C r) Ui?(i2, r) Ui?(i3, r), where ±2 = {h, ■ ■ ■ ,'^n-2,0,z„, • • •) and 
i3 = {ii, . . . , in-2, Nn_i, . . .). In any case, we observe that E is doubling with 
doubling constant 3. 

We let fi be the unique measure on E that satisfies 

/.([iO]) = 2->([i]), 

for all j G {1, . . . , Nn}, i G E„_i, and n > 2. Moreover, we define A = {i G E : 
ij ^ for all j G N}. Then A is compact and fi{A) = n^=i(l - 2"") > 0. 

To show (lA.2p . we fix i G A and define a sequence r„ = £:„2~*" for all ri G N. 
Given i G A, it then follows that i?(i,r„) = [i|„] U [i'] for all n G N, where 
i' = (ii, . . . , in-i, 0) G E„. Thus we get 

/x(AnE(i,r„)) ^ /i([i|n]) 
//(S(i,rO) /i([i|„])+M[i']) 

iV-Hl-2-X[i„^i]) 1-2-" 
(iy„-i(l - 2-") + 2-")/i([i„_i]) 1 - 2-« + n- 

Since this tends to as n — )> oo, the claim follows. □ 

In [37], one can find a construction of an infinite dimensional (and hence nondou- 
bling) compact metric space where the density point property fails. Concerning 
the above result, we are grateful to Marianna Csornyei for her help in constructing 
the example. After finding this example, David Preiss told us that he has obtained 
a characterisation for metric spaces where all measures satisfy the density point 
property. This is to appear in his forthcoming book. 

Finally, we note that even if the density point property fails, the following "upper 
density point property" is true for all measures in all doubling metric spaces. 

Proposition A. 2. If fi is a Radon measure on a doubling metric space X and 
A G X is fi-measurahle, then 

^i{Af^B{x,r)) 
hm sup — -T-^ = 1 

rio i2{B{x,r)) 



for fi-almost all x & A. 
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Proof. If the statement fails, there is a measure /x on X, /i-measurable sets C C 
A C X, < t < I, and tq > so that /i(C) > and 

l^{An B{x, r)) < tn{B{x, r)) (A.4) 

for all X e C and < r < tq. Let e = (1 - t)/{2M), where M = M{N, 1/2) is the 
constant of Lemma [2.1( 1) and N is the doubling constant of X. Using the Borel 
regularity of /i, we find an open set U D C so that (1 — e)^(U) < /i(C). Next we 
choose < 5 < To so small that for the set D := {x & C : dist(x,X \ U) > 5} 
we have tJi{D) > (1 — e)fi{U). Using Lemma [2TT] (1). we find a (5-packing of D, say 
{Bi}i, so that = cfi{U), where c > (1 — e)/M. The choice of e implies 

1 — (1 — t)c < 1 — e. Recalling flA.4p . we now have 

f^{D) <J2f^iDnBi)+fi{U\\J B,) < ^ n Bi) + (1 - c)fi{U) 



< 



tii(\jB^ + (1 - c)/i(f/) = (1 - (1 - t)c)fi{U) < (1 - e)fiiU) < fi{D). 

This contradiction finishes the proof. □ 

Appendix B. Local dimensions via partitions 

The main result of this section, Theorem IB. 11 is considered as folklore, but 
complete proofs are hard to find in the literature even for dyadic cubes of R*^. 
Thus we offer a detailed argument. Partial proofs for corresponding Euclidean 
results can be found from [131 Lemma 2.3] and [HI Theorem 15.3] 

We will first fix some notation to be used in this section. Let < Ci, C2 < 1 and 
5n i a decreasing sequence so that c\ < 6n+i/Sn < C2 for all n E N. For each n 
we fix a 5„-partition Q„ of X. If a; e X, then we denote the unique element of 
Qn containing x by Qn{x). We also denote the radius of a ball B by r{B) and for 
Q G Q„ we set S{Q) = 5„. To simphfy the notation, we set 

E)ioc(/U,a;) = limsuplog/i((5„(x))/log5„ 

n—^oo 

Di„c(/i,x) = liminf logyu((5„(x))/log5„, 

for all measures /i on X and x G X. Bear in mind that, a priori, the defini- 
tions of Dioc(/i, x) and D[Q^(/i, x) depend on the choice of partitions. In Theorem 
IB.H we show that in /i-almost every point these quantities equal to the local di- 
mensions and hence, the choice of partitions does not play any role. Finally, the 
s-dimensional Hausdorff measure is denoted by W and the s-dimensional (radius 
based) packing measure by P'^, see [39l §4.3] and [HI §3]. 

Theorem B.l. Let fi be a Radon measure on a doubling metric space X. Then 



dimioc(Ai, x) = Dioc(/i, x), (B.l) 
dimioc(/^. = Dioc(/^, x) (B.2) 
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for ^-almost all x G X . 

We will make use of the following Vitali-type covering lemma for the Hausdorff 
measure. For a proof, see e.g. [131 Theorem 2.2] or [171 Theorem 1.10]. 

Lemma B.2. Suppose that < s < oo, A C X and V C UneN 2" ■^'"^^ ^^^^ ^'^^^ 
X & A is contained in infinitely many elements ofV. Then we may find a disjoint 
subcollection QofVso that 



Our next lemma is another covering result suitable for our purposes. It is needed 
mainly because the elements of Qn+i are not necessarily subsets of the elements 
in Qn. Recall from ^that A is the constant used in the definition of 5-partitions 
to control the thinness of the partition elements. 

Lemma B.3. Let A G X and V C UneN such that A C Ugev^- -^^'^ each 
Q choose y = Vq such that B(^y, S{Q)) C Q and set B'q = B(^y, 5{Q)/2) . Then 
we may find a sub -collection Q of V so that the halls B'q, Q E Q, are pairwise 
disjoint and 



where c = c(A, C2) > 0. 

Proof. Let us fix uq = no (A, 6) e N so that 2ASn+no — ^n/'^ for all n G M. Notice 
that this is possible since 6n+m < c^^n for all n, m G N. Let Vn = {Q G V : 
S{Q) = 6n} and V'^ = [j'^^oVngn+k for all A; G {1, . . . ,no}. Then, for some k, we 



Finally, define Q = Ui^o 2*- '^^^^ UgeQ ^ = UgeV^Q ^^^^ f^i^QeaQ) - 



fi{A)/nQ. It is also straightforward to check that the collection {-BgjQes is pairwise 



The essential part of Theorem IB. II is contained in the following lemma. We 
remark that the lemma is well known if Dioc(/i,x) and Dy^^{fi,x) are replaced by 
dimioc(/i,x) and dimiQj,(/i, x), respectively. See e.g. [H]. 

Lemma B.4. Let fi be a Radon measure on a doubling metric space X , A G X a 
^-measurable set, and < s < 00. If fi[A) < 00, then 






disjoint due to the choice of no. 



□ 



Dioc(/i, x) < s for all X G A implies dimp(74) < s, 
Dioc(/^) x) < s for all X G A implies dimH(v4) < s. 



(B.3) 
(B.4) 
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On the other hand, if ^{A) > 0, then 

DiQj.(/i, x) > s for all X E A implies dimH(v4) > s, (B.5) 
D\oc{fi,x) > s for all X E A implies dimp(74) > s. (B.6) 

Proof. We start with the claim ( 1B.3|) . We first choose an open set U D A so that 
fj.{U) < CO. Let t > s, k E N, and 

At,k = {x E A : Qn{x) C U and /x((5„(a;)) > 5^ for all n > k}. 

Suppose B is a packing of At^k and assume its elements have radius at most Sk- 
For each B E B, we may choose Qb = Qn{x) C U H B so that c(ci, A)5„ > r{B). 
This implies EseB^BY < c^J^^^^SiQeY < c'J2^fi{QB) < c'fi{U). Hence 
t^k) < oo and in particular dmip[At^k) < ^- As A = U/teN ^^'^ t > s is 
arbitrary, we conclude that dimp(y4) < s. 

The proof of flB.4p follows the argument of [T3| Lemma 2.1]. Given t > s, and 
£ > 0, we choose an open U D A such that fi{U) < oo and define 

V={Qe\jQn: SiQ) <€,QcU, and 5(Q)* < fxiQ)}. 

neN 

Each point of A is contained in infinitely many elements of V, and thus we may 
apply Lemma [B. 21 to obtain a disjoint subcollection Q of V so that 

J2 KQY = oo or (B.7) 

Q6S 

n'(A\\jQ]=0. (B.8) 

^ QeQ ^ 

Since ^Q(zQ^{fff < X]q6q/^(^) — /^(^) < follows that (IB. 71) cannot hold 
and thus we have (IB.Sp . Now 

^QeQ ^ QeQ 

Letting e J, 0, we get 'H*(v4) < oo and finally dimH(v4) < s as 1 1 s. 

To prove fIB.Sp . let t < s. Replacing A by a subset, if necessary, we may assume 
that for some G N we have < b\ for all x G A and n> k. Let U he a 

countable covering of the set C and suppose its elements have diameter at most Sk- 
Denoting the doubling constant of X by N, we may, recalling Lemma 12711 2). cover 
each U eU hj c = c(ci, N, A) elements of Qn, where ci diam(?7) < Sn < diam(?7). 
Denote these sets by Qlj. Now 

^ diam(t/)* >c-'J2J2 ^(QuY >c-'J2Il ^'(Qu) > V(^). 

U£U U&A j U£U j 

Thus H\A) > and letting 1 1 s, we get dimH(A) > s. 
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It remains to prove (lB.6p . Fix < t < s, F G A, e > 0, and consider 
V = {Q E [j Qn : Q n F ^ (/}, SiQ) < 6, and 5(g)* > /x(g)}. 

Let Q be a sub-collection of V given by Lemma IB. 31 so that 




(B.9) 



Here C3 = c^^A, C2) is the constant of Lemma [R3l For n G N, consider Qn = {Q E 
Q : S{Q) = 6n}- Since ^nm^n''^ — c(c2,t, 7) < 00, we observe that there is n 
and C4 = C4(7,t, Ci,C2) > 0, so that ^QgQ„(5(g)'^ > Ci^q^Q^QY- (A simple 
calculation shows that choosing C4 = (^n^n^'^)~^ ^^^^ *^°-) Combining this with 
(IB.9P gives Z^QgQ^ S{QV > C4/i(|jQeQg) > c^c^fiiF). For each Q e Qn, we pick 
y G QnF and define Bq = B{yQ, Using the doubling condition (Lemma l2.1( l) 
applied to the collection {(2A + 1)Bq}), we further find a disjoint subcollection 
Bi, . . . ,Bk of these balls such that k > c^i^N, A)#Q„. Thus 

P;(F) > k5Z > C5 ^ 5{Qy > C3C,C5fiiF). 

Q&Qn 

As e ; 0, we get P^(F) > c^CiC^^i{F) and finally ^^(A) > c^CiC^^i{A). If /i(v4) > 0, 
this implies dimp(A) > s as 7 t s. □ 

Proof of Theorem \B. 1\ The claims follow easily from Lemma [6.41 For instance, let 
us prove the inequality Dioc(/i, x) < dimioc(/i, x) for /x-almost all x G X. Suppose to 
the contrary that there are < s < t < 00 and a set A C X with < < 00 

so that Dioc(/i,x) > t > s > dimioc(/i, for all x E A. Then dimp(y4) > t by 
flR6|) . On the other hand, in the view of [H Corollary 3.20(a)] (that is, flR3|) for 
dimioc(/i, x)), we have dimp(74) < s. This is clearly impossible and thus we must 
have Dioc(/i, x) < dimioc(/x, x) for /i-almost every x G X. □ 
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